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ABSTRACT 
 

As impedance transducers, the piezoelectric ceramic (PZT) patches have emerged as strong 

candidates for structural health monitoring (SHM) of structures in the recent years because of 

their small size and shape, cost-effectiveness and ease of installation. The research for structural 

identification and long-term monitoring has recently become an area of interest for a large 

number of academic and commercial laboratories. The associated techniques aim to enable 

structures and equipment monitor their own structural integrity while in operation, and shall be 

useful not only to improve reliability, but also to reduce maintenance and inspection costs.  

 

This thesis is focused on the electro-mechanical impedance (EMI) technique for SHM. The basic 

principle behind this technique is to use high frequencies (typically >50 kHz) generated by 

surface-bonded PZT patch to detect changes in structural drive point impedance caused by 

internal/ surface cracks, loose connections, delaminations or any other type of damage. The 

resultant electro-mechanical interaction, which is characteristic of the particular structure, 

modulates the current flowing through the PZT patch. The modulation is a function of  the 

mechanical interaction between the PZT patch and the structure over the considered frequency 

range. The resultant admittance signature, which acts like a frequency response function (FRF), 

is used to detect changes or damages occurring in the host structure. 

 

The bond layer between the PZT patch and host structure plays a significant role in PZT-

structure interaction in the EMI technique. To understand the mechanism of force transfer 

through the adhesive medium (which introduce shear lag effect) more precisely, various models 

have been proposed by researchers in the past. Some of those are based on static, dynamic, 

effective and simplified interaction through the bond layer. However, these models still lack 
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rigour in terms of considering all governing parameters, especially both shear and inertia terms 

simultaneously. Understanding shear mechanism phenomena of the adhesive layer is vital for 

enhanced applicability of the EMI technique.  

 
 

The main objective of this research work is to model the shear lag phenomena (between PZT 

patch and host structure) analytically, achieving more accurate model. The previous analytical 

models have ignored the inertia term, which has been rigorously integrated in this research to 

arrive at a new refined shear lag model. The new model considers both shear lag and inertia 

effects simultaneously. The predictions of the new model are much better match with 

experimental observations as compared to the previous models. Various parametric studies have 

also been carried out to study the influence of the piezo and the structural properties on the 

admittance signatures. 

 
 

The research is further extended by considering the inertia effect of the adhesive mass (so far 

neglected) in addition to that of the PZT patch. A continuum based admittance approach has 

been formulated where the “equivalent and effective impedance” terms are replaced by 

continuum displacement term developed at interfacial adhesive bond. This model considers the 

bond layer’s connection between the patch and structure throughout the sensor length, unlike the 

previous models which were restricted to boundary interactions. Parametric studies have 

followed to support the sustainability and suitability of proposed continuum approach.  Finally, 

to enhance the efficiency of the proposed model in real life application on SHM and active 

control system, the study of electrical power consumption and energy efficiency has been carried 

out. Various energy conversion efficiency ratios have been obtained by evaluating the total 

energy used for mechanical response to the total energy supplied. In overall, the study shows 

significant influence of the bond layer on energy efficiency. A modified electro-mechanical 
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coupling coefficient has been derived from basic strain energy relationship taking care of the 

mechanical, dielectric and shear lag losses of piezo active control system.  

In overall, it is hoped that the outcome of this research will be of significant help SHM based on 

EMI technique. 
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1.1  RESEARCH BACKGROUND  

This research work focuses on the mechanics of the shear layer (adhesive bond layer) coupled 

between the piezo-impedance transducer and host structure during the electro-mechanical 

interaction for structural health monitoring (SHM) using the electro-mechanical impedance 

(EMI) technique. The fundamental scope of work is to develop a simple but rigorously 

accurate shear lag model with due consideration of all piezo-mechanical variables that 

influence the overall performance of the transducer. This has finally resulted into a 

continuum based coupled piezo-elastodynamic model, which ensures a rigorous integration 

of all shear lag (bonding effect) parameters over the entire sensor area, there by contributing 

in greater understanding of the phenomenon associated with EMI technique in the field of 

SHM. The key issues like power consumption and energy efficiency have been studied with 

the aid of the new model for optimized utilization of the piezo sensor. 

 

1.2  MOTIVATION  

Civil infrastructures need timely inspection for the assessment of their integrity and stability 

for the future benefit of the human society, life safety and cost effectiveness. Their safe and 

economical performance stands a high benefit for the society, because it stabilizes financial 

management and safety. In general, their performance contains a large number of 

uncertainties because they are often subjected to traumatic natural disasters and intensive 

usage. To overcome these challenges, many organizations and independent research bodies 

comes up with new techniques for full scale performance assessment and behavioural 

interpretation of structures, which is termed as structural health monitoring (SHM).  

 

Chapter-1 
INTRODUCTION 
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The term SHM originated in the early of 19th century, quite before it had been widely used for 

practical applications including various non-destructive techniques and evaluation (NDT&E). 

Basically, SHM denotes the process of acquisition, validation and interpretation of a set of 

structural data, collected from the structure at different times to facilitate life time risk 

management decisions (Kesseler, 2002). Health monitoring is typically used to track and 

evaluate the performance, symptoms of operational incidents and anomalies due to 

deterioration or damage during operation and after extreme events (Aktan et al., 1998). For 

any kind of structures, including civil, aerospace, and mechanical engineering infrastructure, 

SHM is the process of detecting damage, while the structure is in service (Inman, 2005). In 

contrast to SHM, the non-destructive evaluation (NDE) techniques, such as dye penetrant 

inspection, magnetic inspection, eddy-current inspection, radiography, and ultrasonic 

inspection are performed while the system of interest in service (Doherty, 1987). 

 

The ultimate achievement of SHM can be categorized into two aspects; one is “real-time”, 

which enables the SHM system to obtain immediate response of the structure and hence 

measures the health of structure. The other feature is “on-line”, which provide us alerting 

system by audible sound and online imaging. Modern SHM integrates sensing (smart 

materials), communication and computing systems combined with NDT&E, such as 

geometric surveys and vibration measurements. The academic research community is greatly 

attracted towards vibrational response of structures using smart materials or conventional 

sensors to identify the modal characteristics, which are sensitive to structural damages. These 

modal parameters reflect the structure’s mass, stiffness and damping properties along with 

imposed boundary conditions. Changes in modal properties indicate a change in the structure 

caused by deterioration or defects occurring in the structure, thus enabling damage 

quantification. A mature SHM system has the potential to be fully integrated into the 
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operational hardware of a structure. If a defect is sensed, the system should have the 

intelligence to determine the best course of action. 

 

1.3  SMART MATERIALS AND STRUCTURES 

The definition of smart materials or structures is widely varied across the research 

community. Previously, the words ‘intelligent’, ‘adaptive’ and ‘organic’ were used to 

characterize the smart system (Rogers, 1988a). However, the workshop organized by US 

Army Research Office, unanimously agreed to adapt a single term as ‘smart’ which was 

defined as: 
 

A system or material which has built-in or intrinsic sensor(s), actuator(s) and control 

mechanism(s) whereby it is capable of sensing a stimulus, responding to it in a 

predetermined manner and extent, in a short/ appropriate time, and reverting to its original 

state as soon as the stimulus is removed. 
 

The idea of smart structures has been adopted from nature, where all living organisms 

possess a system of distributed sensory neurons running all over the body, enabling the brain 

to monitor the condition of the various body parts (Rogers, 1990). Smart structures have these 

essential components namely “sensors”, “actuators”, and “control mechanism”. In addition, 

“timely response” is the fourth qualifying term as recognized by (Rogers, 1988b).The 

combination of above terms enables us to formulate ‘smart system’ which can be used at both 

macroscopic (structure) and microscopic (material) level. Smart materials possess adaptive 

capabilities to external stimuli, such as loads or environment, with inherent intelligence. In 

the US Army Research Office Workshop, Rogers et al. (1988a) defined the smart materials as 

materials, which possess the ability to change their physical properties in a specific manner 

in response to specific stimulus input. The stimuli could be pressure, temperature, electric and 

magnetic fields, chemicals or nuclear radiation. The associated with changeable physical 

properties could be shape, stiffness, viscosity or damping. Smart materials such as 
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piezoceramic patches, sharp memory alloys, fiber-optic sensor, electro-rheological fluids and 

electro-magnetic fluids facilitate us to build stimulus-response system with much higher 

resolution than any conventional NDE techniques. In the recent past, Lead zinconate Titanate 

(Pb2ZnO3) piezoceramic (PZT) materials have emerged as front runner materials for SHM. 

PZT patches utilize the well known piezoelectric effect discovered by Pierre Curie and his 

brother in 1880. The basic mechanism can be explained as follow  
 

 

Piezoelectric effect occurs by the displacement of ions, causing the electric polarization of 

the crystal’s structural units. When an electrical field is applied, the ions are displaced by 

electrostatic forces, resulting in the mechanical deformation of the whole crystal (Encarta 

Concise Encyclopedia, 2012) 

 

Because PZTs are ceramics, they can be produced in any shape or size, to suit the particular 

application. The piezoelectric effect provides the ability to use these materials as both sensors 

and actuators. Strain, for example, can be measured by capturing the voltage created across 

the PZT material when it is strained. As a sensor, these materials can also be used for damage 

detection in structures in which they are embedded or surface bonded. Piezoceramics can also 

be used as actuators because they undergo strain or displacement when an electric voltage is 

applied across their poling axis. This makes PZT patches good candidates for SHM or active 

control systems. They are also used as structural dampers because of their ability to transform 

mechanical energy to electrical energy and vice versa. Since this thesis is primarily concerned 

with piezoelectric materials and some typical applications i.e. EMI technique, shear lag effect 

and piezoelectric power and energy issues are our major area of interest. 

 

 

1.4   BASICS OF EMI TECHNIQUE  

The piezoelectric patches have emerged as high frequency mechatronics transducers for 

SHM (Sun et al., 1995; Ayres et al., 1998; Liang et al., 1994, 1995, 1996; Soh et al., 2000; 
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Park et al., 2000, 2003, 2008; Lim et al., 2006; Bhalla, 2001; Bhalla and Soh, 2003, 2004a, 

b, c,; Bhalla et al., 2005, 2009; Annamdas, 2007; Shanker et al., 2011). In this application, 

the PZT transducers, bonded on the surface of the structure, interact with the host structure 

to acquire unique health signature, which is function of the structural impedance. For this 

purpose, they are subjected to high-frequency excitations of electric field using impedance 

analyzer or LCR meter. Because of the direct and the converse piezoelectric effects, any 

change in the mechanical impedance of the structure caused by any damage, modifies the 

electrical admittance of the PZT transducer bonded to it. The technique is popularly called as 

the EMI technique. Usually, the electro-mechanical admittance signature, comprising of the 

conductance (real part) and the susceptance (imaginary part) is acquired in the healthy 

condition of the structure and used as the reference baseline for future checks on the 

structural integrity. The EMI technique has been shown to be extremely sensitive to 

incipient damages. The PZT patches can be easily bonded to inaccessible locations of 

structures and aircraft and can be interrogated as and when required, without necessitating 

the structures to be placed out of service or any dismantling/re-assembling of the critical 

components (Rogers at al., 1998b). All these features definitely give an edge to the EMI 

technique over other existing passive sensor systems. 
 

 

 Since the patch is attached directly to the structure of interest, it has been shown that the 

mechanical impedance of the structure correlates with the electrical impedance of the patch 

(Liang et al., 1994, 1995). Using the EMI technique, damage detection feasibility studies 

have been successfully conducted on a variety of structures ranging from simple beams, 

plates to bridge truss structures, airplane composites, pipeline structures and reinforced 

concrete (RC) structures. Different damage mechanisms such as cracking, bolt loosening, 

composite delaminations and corrosion are successfully detected. A great deal of emphasis 
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has been placed on using the EMI technique for aerospace related structures (Peairs et al., 

2004).  
 

Traditionally, the EMI technique requires the use of an impedance analyzer or LCR meter, 

which is used to measure and analyze impedance in electrical components and systems. 

Impedance analyzers generally measure electrical impedance precisely (as well as 

capacitance, inductance, resistance, etc.) over broad frequency ranges with extensive 

functionality and display options. In addition to the EMI technique, other applications of PZT 

transducers are too abundant to list; however, they are mainly used in the fields of ultrasonic 

(Yamashita et al., 2002), noise and vibration control (Wu et al., 1994; Han et al., 1997) and 

acoustic emissions etc. (Prabakar and Mallikarjun, 2005). The present form of  the EMI 

technique is still relatively new, and some of its impending issues like wireless signature 

acquisition through new technological advancements, energy harvesting, inclusion in bio 

sensing field, application and extensive use of  Macro-Fiber Composite (MFC), development 

of low-cost piezoelectric device for controlling vibration noise and deflections in composite 

beams and panels, accurate dynamic analysis for bonding effects, power and energy issues 

and frequency spectrum analysis are still attracting research field. 
 

 

1.5   SHEAR LAG EFFECT  

In the EMI technique based SHM, the PZT patches are either embedded or bonded with 

adhesive to the host structure to be monitored. When bonded on the surface of the structure, 

the adhesive bond forms an interfacial layer of finite thickness between the patch and host 

structure. Since the adhesive does not change the material properties of adherents, attaching 

the PZT patches with adhesives has a broad range of applications than other bonding method 

(Wang and Zeng, 2008). The performance (sensing/actuating) of piezo transducer depends 

upon the ability of the bond layer to transfer the stresses and strains between the active PZT 

patch and the host structures. The mechanical and geometrical properties of the adhesive 
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bond layer change the overall performance of the PZT-structure interaction model (Dugnani, 

2009). The coupled EMI response of the PZT transducer very much depends on the dynamic 

behaviour of the host structure as well as the geometry, mechanical properties and the 

composition of the adhesive layer used to bond the patch.  
 

As far as the EMI technique is concerned, the adhesive is capable of changing the structural 

signature by lowering the peaks of the conductance and the slope of the suscepatnce, as 

reported by various researchers (Bhalla et al., 2004c; Qing et al., 2006; Dugnani, 2009; 

Bhalla et al., 2009). As bond layer is solely responsible for changing the coupled signature, 

the bond characteristics (shear deformation, inertia, mechanical damping) and geometry 

(bond thickness and bond length) must be chosen so as to ensure best performance of the PZT 

transducer. However, the existing shear lag models do not account for shear and inertia 

effects simultaneously as well as the continuous bond deformation variation along bond 

length. The main objective of this research is to alleviate these shortcomings by accurate 

modelling of the entire phenomena. These understandings will play significant role to apply 

the EMI technique on practical structures more effectively.   

 

1.6   POWER AND ENERGY CONSUMPTION FOR BONDING EFFECT  

When an active and dynamic piezo-impedance transducer is engaged in the EMI technique, it 

acts as both sensor and actuator (dual effect) for a range of frequency and couples the 

electrical and the mechanical parameters. Integrated induced strain actuators provide the 

energy for intelligent material systems and structures to respond adaptively to internal or 

external stimuli. The electrical energy consumed in piezo-impedance transducer can be 

described in accordance with their applications, i.e. whether it is used for shape control, 

vibration control, or acoustic control, as well as the associated electronic systems, including 

the power supply itself. In our prospect, we will not include the power supply system in the 

coupled electro-mechanical analysis by assuming that the power supply system can always 
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satisfy the current need of the actuators (Liang, et al., 1994, 1995). For a material system with 

integrated PZT patches, the power consumed by patch consist of two parts: the energy used to 

drive the system, which is dissipated in terms of heat as a result of the structural damping, 

and energy dissipated by the PZT patches themselves because of their dielectric loss and 

internal damping (Liang et al, 1994, 1995, 1996). This issue was noticed in the early 

development and implementation of PZT patches. However, the effect of finite thickness 

bond has not yet been studied in power computation involving the PZT patch. 
 

Several static-based modeling techniques were developed to determine static forces or 

moments (Bailey and Hubbard, 1985; Crawley and Luis, 1987, Crawley and Anderson, 1990; 

Dirmitriadis et al., 1989; Wang and Rogers, 1991).  An approximate dynamic analysis using 

the static models is not accurate because active forces provided by the PZT actuators are 

usually harmonic in nature. The dynamic interaction between the host structure and the 

active elements always exists and affects the performance of both the structure and the patch. 

Various impedance-based analytical models provide a platform for understanding the 

mechanics of the PZT element-driven systems (Liang et al., 1994; Zhou et al., 1993, 1994). 

The frequency-dependent force output behavior is accurately predicted by the impedance 

model.  

 

When a PZT patch is integrated with active mechanical system, energy conversion efficiency 

factor is required to quantify the efficiency of the piezo-active system which depends upon 

the mechanical damping, intermolecular bonding between the patch and the structure (with 

adhesive bond), structural stiffness, piezo-electric properties of the patch and the imposed 

boundary condition. In this research, the power and energy efficiency aspects have been 

deeply explored using the developed piezo-bond elasto-dynamic model. The computation is 

expected to result in more accurate quantification as compare to previous models with due 

consideration of bond effect. 
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1.7 VARIOUS SHM TECHNIQUES: A COMPARISION 

SHM is defined as the acquisition, validation and analysis of technical data to facilitate life 

cycle management decisions (Aktan, 2000). It denotes a reliable system with ability to detect 

and interpret adverse “changes” in a structure due to damage or normal operations (Kessler et 

al., 2002). The SHM system consists of sensor, actuator, amplifiers and signal conditioners. 

The recent developments in the area of smart materials and systems have initiated new 

openings for SHM and NDE. Smart materials, such as the piezoceramics, the shape memory 

alloys and the fiber optics materials are extensively used for SHM. In broad sense the SHM 

techniques can be divided in to two categories. 

a) Global SHM techniques 

b) Local SHM techniques 

1.7.1 Global SHM:  

These can further sub divided in two cases- dynamic and static. In global dynamic 

techniques, the test structure is subjected to low frequency excitation, either harmonic or 

impulse and the resulting vibration responses (displacement, velocity and accelerations) are 

picked at specified locations along structure. The vibration data is processed for first few 

mode shapes and the corresponding natural frequencies, which, when compared with 

corresponding data for healthy state, yield information pertaining to the location and severity 

of damage (Pandey et al., 1991;  Stubbs and Kim, 1994; Zimmerman and Kaouk, 1994; 

Naidu, 2004). Being global in nature, it is not very sensitive to incipient damage (Pandey and 

Biswas, 1994; Farrer and Jauregui, 1998).  
 

1.7.2 Local SHM: As opposed to global SHM techniques, numerous local SHM methods are 

available, which rely on localized structural interrogation for detecting damages. Some of the 

techniques in this category are ultrasonic   techniques, acoustic emissions, eddy currents, 

impact echo testing, magnetic field analysis and penetration dye testing (Boller, 2000; Park, 
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2000; Giurgiutiu and Rogers, 1997). A common limitation of local methods is usually, 

probes, fixtures and other equipment need to be physically moved around the text structure 

for recording data. Beside these, the wave propagation based SHM has also attracted wide 

attention in recent years. This technique employs PZT patches as actuator-sensor pairs, on the 

other side, in EMI technique the dual effect (acts as both actuator and sensor) of PZT is 

utilized. The wave propagation dynamics (reflection, refraction and transmission) governs the 

damage detection and localization (Gopalkrishnan et al, 2008, 20011). However, the guided 

wave NDT is limited to simple structure because of complicated and huge data interpretation. 

Also, it is observed that sensitivity decreases with propagation distance and sensor spacing 

(Grisso, 2004).   

Fiber optic sensors, which were originally used for communication, have recently emerged as 

new sensors for SHM (Meltz et al., 1989; Kersey at al., 1997; Wan and taylor, 2003; Tjin et 

al., 2001). Their use has been demonstrated for various monitoring application. The fiber 

optic sensors are made up of glass and silica and utilize fiber properties to generate 

optoelectronics signals indicative of external parameters to be measured. Any mechanical 

strain in the fibre will shift the wave length through expansions/contraction of periodicity.  

The major limitation of the fiber optic sensors is fragility and inability to monitor at high 

frequency dynamic strain (Tjin et al., 2004). In addition, contrary to PZT patches, the fiber 

optic sensoes are passive in nature. 

A very thorough review of SHM technique is covered by Park (2004), Naidu (2004), Bhalla 

(2004) and Shanker (2010) in their thesis. 

1.8  THESIS ORGANIZATION  

This thesis is divided into eight chapters. Chapter-1 (present chapter) consists of introduction, 

objectives, scope and summarizes the original contributions of the research. It contains brief 
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description of smart materials and structures, EMI technique and its applications in SHM, 

inclusion of shear lag mechanism and power and energy issues for the piezo-active model. 

The Chapter-2 discusses the literature review and the working principle of impedance and the  

EMI technique. Literature related to shear lag effect and coupled field Modelling for piezo-

impedance transducer has also been covered in this chapter.  
 

Chapter-3 presents preliminary investigations of shear lag effect based on coupled finite 

element (FE) analysis. It covers the FE coupling theory for piezoelectric analysis and FE 

modelling steps for ANSYS. Various parametric studies are also included in this chapter to 

illustrate the piezo-structure interaction numerically.  
 

The detailed derivation of new refined shear lag model and its experimental verification with 

supported parametric study has been covered in Chapter-4. The corresponding shear stress 

and strain profile along the adhesive bond layer and their interpretations for SHM application 

are also included in this chapter. 

 

Chapter-5 deals with the derivation of new and modified continuum based admittance model 

and compares its performance with previous models. Effect of parametric variation of bond 

properties on the EMI signature have also been studied in this chapter. 
 

Chapter-6 deals with the power consumption and energy efficiency of the PZT patch based 

on new continuum model. The triangular component of power and its interconnection with 

piezo-energy flow in physical system has been elaborated in this chapter. Modified efficiency 

ratio and electro-mechanical co-efficient has derived in this chapter. The performance 

assessment of piezo-structural interaction system for various piezo-mechanical losses has also 

been covered in this chapter.  

 

Finally, conclusions and recommendations are presented in Chapter 7, which is followed by a 

list of author’s publications, a comprehensive list of references and appendices. 
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2.1 INTRODUCTION 

The most popular approach in SHM is to use modal parameters, such as natural frequencies, 

damping ratios and mode shapes, to determine the existence of damage in structures. Other 

modal properties, such as eigen vector and eigen value matrices, curvature mode shapes, modal 

assurance criterion, energy transfer ratio and many others, have also been explored for damage 

detection (Pandey and Biswas, 1994; Kawiecki, 2001). Aktan et al. (1998) has reported an 

extensive survey of SHM on civil infrastructures health monitoring. Several researchers have 

attempted to develop non-modal approach for SHM, the wave propagation approach being one of 

them. In this approach, global defects can be detected by a change in the wave number-frequency 

relation and local defects by a change in the scattering stiffness matrix elements.  

 

In general, SHM or damage detection techniques based on the vibration response of the structure 

can be classified into two categories: model based (which require a model of the structure to start 

with) and non model based (in which model is not pre requisite). The impedance-based 

technique belongs to the non model based category. Most of the current work in the impedance 

based SHM is focused on adapting the EMI technique for application on real world structures. 

This involves miniaturization of the data acquisition hardware, combination with wireless 

telemetry and addressing powering issues including energy harvesting techniques. The basic 

concept of the EMI technique is to monitor the variations in mechanical impedance of structure 

caused by the occurrence of damage. Since the measurement of mechanical impedance of 

structure is very difficult, especially at high frequency, the EMI technique utilizes the 

Chapter-2 
IMPEDANCE BASED MODELLING OF PIEZO-
STRUCTURE INTERACTION 
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electromechanical coupling property of the PZT patch bonded on the structure. Through this 

coupling property, the electrical admittance of the PZT patch is directly related to the mechanical 

impedance of the host structure, and is directly affected by the occurrence of structural damage. 

The major advantage of this electro-mechanical coupling is that even small changes in the 

natural frequency (caused by damage) can be used to create beat phenomena, which causes a 

large response to the small changes in frequency and is thus highly sensitive.  

 

 

A global-based technique may assess damage quantitatively if the model is appropriate. 

However, it is difficult to apply it on complex structures for which we can hardly generate a 

satisfactory model. In contrast, the EMI technique is sensitive enough to detect very small 

damage and can be applied on complex structures. Sun et al. (1995) first detected damage in a 

lab-sized truss structure using the EMI technique. Recently, the EMI technique has been 

increasingly tested on civil and mechanical structures (Varadan and Varadan, 2002; Park et al., 

2000a, b; Soh et al., 2000; Bhalla, 2001) as well as aerospace structures (Chaudhary et al., 1995; 

Giurgiutiu, 2000; Giurgiutiu and Zagrai, 2002; Ghoshal et al., 2001). Bhalla and Soh (2004a, b) 

proposed a damage quantification approach, based on identifying the equivalent system 

parameters from signatures. This approach utilized both real and imaginary components of the 

signature and paved way for identifying the system parameter from experimental data, enabling 

parametric damage quantification. 
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2.2  EMI BASED STRUCTURAL HEALTH MONITORING 

The EMI-based SHM technique utilizes piezoelectric materials as sensors and actuators. For 

piezoelectric materials, the relation between the mechanical and electrical variables is governed 

by the following constitutive equations 

3 33 3 31 1
TD E d T                    2.1(a) 

1
1 31 3E

TS d E
Y

                                     2.1(b) 

where T1 is stress, d31 the piezoelectric strain displacement, S1 and D3 the actuating strain along 

axis (1) (see Figure. 2.1) and the piezoelectric charge displacement respectively, E3 the electric 

field along axis (3), EY  and 33
T  are the complex young’s modulus at constant electric field and 

the complex electric permittivity matrix of PZT material. The EMI technique utilizes a small 

PZT patch attached to the host structure to impart a harmonic force on the structure by applying 

an electric field (AC voltage signal) across the patch. The structural response comprises of peaks 

and valleys in ‘admittance vs frequency’ plot, which is known as the electro-mechanical (EM) 

‘admittance signature’. If damage occurs in the structure, its mechanical impedance will change, 

which will modify the admittance signature, thereby providing indication of the damage. The 

next paragraph defines mechanical impedance of the structure and the patch for use in EMI 

technique. 

 

 

 

 

 Figure 2.1 A deformed PZT patch 

Mechanical deformation at boundary Quarter of PZT patch 

Z -axis (Polarization, E3) 

Y axis 

X-axis 



   
 Impedance based modelling of piezo structure interaction 

15 
  

 

 

             

             

             

             

             

             

             

             

             

   
 

A harmonic force, acting upon a structure, can be represented by a rotating phasor on a complex 

plane, as shown in Figure 2.2 (Bhalla, 2004). Let Fo be the magnitude of the phasor and let it be 

rotating anti-clockwise at an angular frequency ω (same as the angular frequency of the 

harmonic force). At any instant of time ‘t’, the angle between the phasor and the real axis is ‘ωt’. 

The instantaneous force (acting upon the structure) is equal to the projection of the phasor on the 

real axis i.e. Fo cosωt. The projection on the ‘y’ axis can be deemed as the ‘imaginary’ 

component. 

Using complex notation, the force can be presented  

0 0 0( ) cos sin j tF t F t jF t F e          (2.2) 

The resulting velocity responseu , at the point of application of the force, is also harmonic in 

nature. It lags behind the applied force by a phase angle φ, due to the ‘mechanical impedance’ of 

the structure, and can be expressed as 

( )j t
ou u e              (2.3) 

X (Real axis) 

Y (Imaginary axis) 

t  



 

Velocity phasor 

Force phasor 0F  

0u  

Figure 2.2 Representation of harmonic force and velocity by rotating phasor (Bhalla, 2004) 
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where 0u is the peak velocity. The mechanical impedance of a structure, at any point, is defined 

as the ratio of the driving harmonic force to the resulting harmonic velocity, at that point, in the 

direction of the applied force. Mathematically, the mechanical impedance sZ , can be expressed 

as 

0

0

j
s

FFZ e
u u

 
 

               (2.4) 

As a general practice, the mechanical impedance of a PZT patch is determined in short circuited 

condition, as shown in Figure. 2.3, so as to eliminate the piezoelectric effect and to invoke pure 

mechanical response alone. 

If F is the force applied on the PZT patch, then from Eq. (2.4), the short-circuited mechanical 

impedance of the patch, Za, can be determined as 

( ) 1( ) 1( )

( ) ( ) ( )

E
x l x l x l

a
x l x l x l

F whT whY S
Z

u u u
  

  

  
  

               (2.5) 

where u  is the he velocity response and l, w and h are the dimensions of the patch as shown in 

Figure. 2.3. It should be noted that we are considering one symmetrical half of the PZT patch  

only, that is l = half length. 

 

 

        

         

         

         

          

 

 

PZT patch 

l 

h 

w 

E3 1 

3 
2 

Stress (T1) 

Applied force 

Figure 2.3 Determination of mechanical impedance PZT patch 
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2.3 PIEZO-STRUCTURAL INTERACTION MODELLING FOR EMI TECHNIQUE 

In the EMI technique, on application of an alternating voltage across a bonded PZT patch, 

deformations are produced in the patch as well as in the local area of the host structure 

surrounding it. The response of this area to the imposed mechanical vibrations is transferred back 

to the PZT wafer in the form of electrical response, as conductance and susceptance signatures. 

As a result of this interaction, the structural characteristics are reflected in the signatures. Though 

the EMI technique does not demand a prior knowledge of the structure in terms of model, 

understanding of the PZT-structure interaction becomes necessary for improving the damage 

prognosis using EMI technique. Additional benefits of such knowledge are optimization of the 

frequency range and the sensor location when designing the SHM system and allowing better 

insight into sensor self-diagnostics, transfer impedance and other related issue.  

 

Several approaches have been proposed to model PZT-structure interaction in general.  The 

earliest effort was the static approach, which was later followed by the impedance (dynamic) 

approach. Some important early modelling approaches are briefly described in this following sub 

section. 

 

2.3.1 Static Approach 

Crawley and de Luis (1987) analytically modelled PZT patch as a part of an intelligent structure. 

The model is capable of reasonably predicting the response of a structural member under an 

applied voltage under low frequency and could provide guidance for optimal location of sensor. 

They performed static analysis for two cases (i) perfectly bonded patch and (ii) finite bonding 

layer. In either case, the ends of the patch are stress-free and the patch is assumed to have a 

uniform strain through its thickness. 
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Crawley and de Luis (1987) modelled piezo patch to be attached to the structure, represented by 

spring (Ks) excited by static electric field (E3), as illustrated in Figure 2.4. They determined the 

static force or moment using Euler-Bernoulli’s beam equation. In this configuration, owing to 

static condition, the imaginary component of the complex term in the PZT constitutive relation 

(Eqs. 2.1(a) and (b)) can be dropped. The axial force in the PZT patch can be expressed as  

 1 1 31 3
E

pF whT wh S d E Y           (2.6) 

where 1T and 1S are the stress and strain for static case. Similarly, the axial force in the structure 

can be determined as 

      1s s sF K x K lS         (2.7) 

where x and sK are the spring displacement and spring constant. The negative sign signifies that 

a positive displacement in PZT patch causes compressive force in the spring (the host structure). 

From force equilibrium, they derived the equilibrium strain, eqS as 

       31 3

1
eq

s
E

d ES
K l

Y wh


  
 

     (2.8) 

In order to determine the response of the system under an alternating current, the static approach 

recommends that a dynamic force with amplitude s s eqF K lS  be applied to host structure, 

Figure 2.4 Modelling of PZT-structure interaction by static approach 

PZT patch 

Static electric field  

Structure KS 

l 
h 

w 

E3 1(x) 

3(z) 
2(y) 
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irrespective of the frequency of actuation. Since the approach employs only static PZT 

properties, the effect of damping and inertia, which significantly affect PZT output 

characteristics especially under high frequencies, are completely ignored.  

 

Lin and Rogers (1993) developed another static impedance model using elasticity approach with 

variation of non-linear distribution of the equivalent force and the moment. But Static stiffness 

approach is not accurate since the performance of the actuator and the structure, vary with 

frequency. Hence, this approach is only suitable for preliminary computation. 

 

2.3.2 Impedance Approach 

The impedance approach was proposed by Liang et al. (1994). In this approach, the whole 

system is modelled as a PZT patch attached to structural impedance Zs, as shown in Figure 2.5. 

Liang et al. (1994) validated their model experimentally, which was further used to determine the 

actuator power consumption and energy flow in the coupled electro-mechanical system. The 

patch undergoes axial vibrations under an alternating electric field E3. The mechanical 

impedance of the structure can be related to the force F by 

      F Z u               (2.9) 

where u  is the velocity at the tip of the patch.  The one-dimensional vibrations of the PZT patch 

are governed by the dynamic equilibrium equation given by 

2 2

2 2
E u uY

t x
 

 
 

          (2.10) 

where u is the displacement at any point on the patch and (1 )E EY Y j  is complex Young’s 

modulus of the PZT patch (at constant electric field) , where ߟ the mechanical loss factor. 
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The solution of the one-dimensional (1D) governing differential equation (Eq. 2.10) is given by 

       sin cos j tu A kx B kx e                      (2.11) 

where k is the wavenumber, related to the angular frequency of excitation ω, the density ρ and 

the complex Young’s modulus of elasticity of the patch by 

      
E

k
Y


           (2.12) 

Hence, strain and velocity in PZT patch can be determined by solving the differential equation 

(2.10), expressed as (Liang et al., 1994) 

                                    1( ) cosj tus x Ae k kx
x


 


         (2.13) 

and velocity                  ( ) cosj tuu x Aj e k kx
t


  


                   (2.14) 

 Equation (2.9) can be rewritten as 

                                                   F=-Żݑ=whT1          (2.15) 

Figure 2.5 Liang’s 1D impedance model 
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Making use of fundamental piezo constitute relations (Eq. 2.1(a) and (b)) and the expressions 

for strain (Eq. 2.13) and velocity (Eq. 2.14) and applying the boundary condition (u=0 at x=0), 

we can derive  

    0 31

cos( )( )
a

a

Z V dA
hk kl Z Z




    (2.16)  

where aZ  is the short circuited mechanical impedance of the PZT patch and V0 is the peak 

harmonic voltage, aZ can be derived using Eq. (2.5) as  

( ) tan( )

E

a
k YZ

j kl





            (2.17) 

The electric current, which is the time rate of change of charge, can be obtained as 

                    3 3
A A

I D dxdy j D dxdy       (2.18) 

Making use of the PZT constitutive relation (2.1(a)) and integrating over the entire surface of the 

PZT patch, Liang et al. (1995) obtained following an expression for the electro-mechanical 

admittance  

    2 2
33 31 31

tan2T E Ea

s a

Zwl klY j d Y d Y
h Z Z kl
                

         (2.19) 

where  33 33 1T T j     the complex electric permittivity (at constant stress), where ߜ denotes the 

the dielectric loss factor  

 

Zhou et al. (1996) extended the formulations of Liang et al. (1994) to model the PZT element 

coupled to a two-dimensional (2D) host structure shown in Figure 2.6. They replaced the single 

term Zs by a matrix consisting of the direct impedances Zxx and Zyy, and  the cross impedances Zxy  
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and Zyx , related to the planar forces F1 and F2 (along axes 1 and 2, respectively) and the 

corresponding planar velocities 1u  and 2u , by  

1 1

2 2

xx xy

yx yy

Z Z uF
F uZ Z

    
     
        




                    (2.20) 

 

They derived following expressions for dynamic equilibrium of an infinitesimal PZT element for 

2D case (De Faria, 2003) 

2

2
xy pxx

p

u
x y t




 
 

  
           2.21(a) 

2

2
y yx py

p

u
y x t
 


  

 
  

           2.21(b) 

Dropping the shear stress term, The solution for 2D case was derived by Zhou et al. (1996) as          

1 [ sin( ) cos( )] j t
p pu A k x B k x e          2.22(a) 

2 [ sin( ) cos( )] j t
p pu C k y D k y e                    2.22(b) 

where wave number k  for 2D case can be defined as  

x, 1 
y, 2 

z, 3 
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w 
Zxx 
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Zyy Zyx 

E3 

uy=0 

ux=0 

Figure 2.6   2D impedance model of Zhou et al. (1996)  
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E
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                (2.23) 

Applying boundary conditions u1=0 at x=0 and u2=0 at y=0, the unknown coefficients A, B, C 

and D can be evaluated.  Finally, they obtained an expression four complex electro mechanical 

admittance signature for the 2D case as  

   
2 2
31 31

33

cos( ) 1 cos( )
12
11 1

cos( ) cos( ) 1

xy xy xy yy

E E
axx axx axx ayyT

p xy yx yyxx

axx axx ayy ayy

Z Z Z Zw lk kl k kw
l Z Z w Z Zd Y d YwlY j

h Z Z ZZl lk kl k kw
w Z Z w Z Z

    
                                         

 

 
 

 







      (2.24) 

The main limitation of Zhou’s model is that, it is difficult to determine structure’s mechanical 

impedance experimentally. This is because it consist four complex unknowns (Zxx, Zyy, Zxy and 

Zyx) (eight real unknowns) with two available equations, thus rendering the system of equation to 

be highly indeterminate.  

 

Giurgiutiu and Rogers (1999) developed a theoretical model for the EMI response of a damaged 

composite beam interrogated by a PZT patch. The effective axial force and bending moments 

induced by the PZT wafer into the beam were considered. The resulting response and the applied 

force were utilized to deduce general expressions for pointwise dynamic stiffness and 

compliance. They concluded that the real part of the impedance and the real part of the coupled 

admittance are direct measures of the structural response. 

 

Park et al. (2000b) modelled piezo bonded 1D structure using the wave propagation approach. 

Direct frequency response function data were utilized to detect and locate damage in the 

structure. They derived spectral formulation for a dynamic finite element, referred to as the 

spectral finite element or the dynamic stiffness matrix formulation, suitable for high frequency 

analysis. This technique was shown to be more useful in identifying and tracking small defects, 
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in the sense that damage is local phenomena and a high frequency effect. However, high 

frequency modes are subjected to higher uncertainty than the lower order modes, and this limits 

the application of the approach, although recently laser vibrometer has been shown to be capable 

of high frequency measurement, its application is limited to small structures and is quite 

cumbersome for large structure analysis (Giurgiutiu and Zagrai (2000)). Giurgiutiu and Zagrai 

(2000) developed a model for free, fully constrained and elastically constrained piezoelectric 

patch, excited at very high frequencies (up to 1500 kHz). However, the impedance response of 

the sensors attached to a beam structure was modelled and experimentally verified only up to 30 

kHz only and on plates up to 40 kHz only.   

 

Bhalla and Soh (2003) proposed mechanical impedance based parametric approach for damage 

diagnosis by means of changes in the structural mechanical impedance at high frequencies, 

modes from admittance signature. The main feature of the developed approach was that both the 

real as well as the imaginary component of the admittance signature were used in damage 

quantification. A complex damage metric was proposed to quantify damage parametrically based 

on the extracted structural parameters, i.e. the stiffness, the mass, and the damping associated 

with the drive point of the PZT patch. Their scheme eliminated the need for any a priori 

information about the phenomenological nature of the structure or any ‘model’ of the structural 

system. 

 

In order to alleviate the shortcomings inherent in the Zhou’s model, a new concept of “effective 

impedance” was introduced by Bhalla and Soh (2004a, b). They defined the “effective 

impedance” considering force transfer distribution along the boundary of the PZT patch, as 

shown in Figure 2.7. The term “effective velocity” was introduced as an alternative to ‘drive 

point velocity” used previously. Effective impedance is based on the premise that the  
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transmission of forces between the PZT patch and host structure occurs along the 2D peripheral 

boundary of the patch bonded to the structure. They mathematically expressed the effective 

impedance as
 

,

ˆ.
eff S

a e ff
e ff eff

f nds
F

Z
u j u

 






                           (2.25) 

where n̂  is a unit vector normal is to the boundary and ‘Feff’ represents the effective peripheral 

force due to PZT patch’s deformation. 
0

eff
Au

P


  is the effective displacement, with A  equal to 

the change in PZT patch’s area and 0P  its perimeter in the undeformed condition. Consequently, 

effective velocity can be expressed as 

eff effu j u                 (2.26) 

With this definition, following expression was derived by Bhalla and Soh (2004b) for Za,eff, the 

effective mechanical impedance of the PZT patch      

 ,
2
1

E

a eff
hYZ

j T 



                                    (2.27) 
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Figure 2.7 Effective impedance model (Bhalla and Soh, 2004a) 
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where the term T is given by     

1 2

1 2

tan tan1
2

C kl C klT
C kl C kl

 
  

 
                            (2.28) 

where C1 and C2 are the peak correction factors to be determined experimentally from signature 

of PZT patch in free-free condition. The mechanical impedance of structure ,( )s effZ  can be 

similarly defined, by applying a distributed effective force along the proposed boundary of the 

PZT patch. The final expression for the admittance for the 2D case derived by Bhalla and Soh 

(2004b) was 

   
2 22

,31 31
33

, ,

2 24
1 1

E E
a effT

s eff a eff

Zd Y d YI lY G Bj j T
V h Z Z

 
 

  
                        

(2.29) 

Yang et al. (2005) developed a generic impedance model for predicting the EMI response for 

PZT-structure system for 1D and 2D cases. In this approach, the effect of piezo interaction with 

the host structure is represented by its force impedance at the boundary of the patch, which is 

obtained semi analytically. These force impedances are assumed to be the same at the opposite 

edges/ ends of the PZT patch. This assumption holds if the dimensions of the host structure are 

much larger than that of the PZT patch and the PZT patch is not close to the boundary. 

 

Cheng and Lin (2005) formulated the coupling between the PZT patch and the host structure, 

using the impedance approach. A modified structural impedance model of the host structure was 

proposed to include the inertia effect caused by the PZT patch on the vibration response of the 

host structure, which proves to be important for a typical intelligent structure usually bonded 

with multiple PZT patches. A schematic representation of their model is shown in Figure. 2.8.  

In this model, modified mechanical impedance is expressed as  
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         (2.30) 

where  

1

1 tan( )

E

pxx
F hY kwZ j
u kh

  


             (2.31) 

2

2 tan( )

E

pyy
F hY kwZ j
u kh

  


                        (2.32) 

They concluded that the inertia effect caused by the PZT patch’s mass on the vibration response 

is important and the results showed that the output force from each PZT patch was overestimated 

without including the mass of the PZT patch during the vibration synthesis. The added mass by 

the PZT patch on the host structure increases the electrical admittance and thus it requires a 

smaller output force from each PZT patch to produce a designated vibration response. 

Figure 2.8 A schematic representation of actuating forces from PZT patch acting on the host 

structure (Cheng and Lim, 2005). 
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Fz= inertia force 
 

F1 F1 

Mx Structure 

Fz 

F1 F1 

Mx 



   
 Impedance based modelling of piezo structure interaction 

28 
  

 

Annamdas and Soh (2007a, b) extended the 2D impedance modelling to three-dimensional (3D), 

especially suitable for a thick PZT patch, by proposing a directional sum impedance model, 

taking into account the PZT patch’s vibrations along all the three directions. They defined the 

sum of direct impedance (Zsi, Zsj, Zsk) and cross impedance (Zij, Zjk, Zki) equal to 

 

     ( ) 2 2 2s si sj sk ij jk kiZ Z Z Z Z Z Z                   (2.33) 

where Zs denotes the direction sum impedance along three directions i (x), j(y) and k (z), which 

can be  individually expressed as  

i
si

i

FZ
u




                 (2.34) 

The cross impedances, which are produced by shear forces or stresses acting on the planes ij(xy), 

jk(yz), and ki(zk), are given by 

si sj
ij

si sj sk

Z Z
Z

Z Z Z
 

 
                           (2.35) 

where Fi and ui are the transducer force on host structure and transducer velocity. For 

simplification, the shear stress equation was ignored and the constants of integration were 

proposed to be obtained through finite element analysis for this model, thereby necessitating 

modelling of the structure concerned. Unlike the effective impedance model of Bhalla and Soh 

(2004a) the directional sum impedance approach could not be independently used with 

experimental data alone for solving the inverse problem of extracting mechanical impedance 

from experimental signatures. 

 

2.4 INCLUSION OF SHEAR LAG EFFECT IN IMPEDANCE BASED MODELS 
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The electromechanical behaviour of PZT sensor/actuator patches attached to the structure with 

bond layer is one of the most fundamental issues surrounding the effectiveness of a PZT patches 

in a smart structure system. An accurate assessment of the shear stress and strain distribution 

around the interfacial bond plays a dominant role in determining the actuation effect being 

transferred from the actuator to the host structure. The efficiency of the actuation depends on the 

ability of the adhesive layer to transfer stress and strain between the active and the passive 

constituents. As sensors, piezoelectric patches are usually bonded to structures to measure the 

strain by transforming mechanical deformation into electric voltage. The existence of bond layer 

introduces a strain lag effect, as a result of which the strain induced in the PZT sensor is less than 

that on the surface of the host structure.  

 

It becomes, therefore, an important issue to study the coupled electromechanical behaviour of the 

PZT patch with bonding layers to reliably evaluate the relation between the measured signal and 

the local mechanical deformation. The bonding materials are usually much more complicated 

than the host structure, and in many practical applications, surface roughness entails relatively 

thick adhesive layers. Hence, understanding the effect of the properties of the adhesive layer on 

the performance of the entire system is crucial to the analysis, design and use of smart structures 

with bonded PZT patches, both as sensors and actuators. Due to the presence of material 

discontinuity between the patch and the host structure, complicated stress fields are generated 

when an external electric field is applied to the actuators. 

 

Crawley and de Luis (1987) modelled the elastic bonding layer as a finite thickness between the 

PZT patch and structural beam, where patch was employed only as actuators. They assumed that 

the 1D PZT patch be actuated in pure bending with the strain linearly varying along the beam 
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thickness and the adhesive layer deforming in pure shear. This analysis showed that the out 

coming strain on the PZT patch gets lowered due to bond layer’s deformation. They quantified 

the effect in shear lag ratio “ ” and expressed as 

1p

b

S
S


 

  
 

                             (2.36) 

where Sp and Sb are the corresponding strains in PZT patch and the adhesive bond layer. In 

particular, the largest strain differences are predicted at the edge of the sensor, known as stress 

singularity. In addition, the analysis showed that, because of the shear lag effect, the sensor 

‘appeared to the structure’ as if its dimensions were smaller than in actual. Crawley and 

Anderson (1990) further analyzed the previous strain transfer mode (Crawley and De Luis, 1987) 

based on Euler–Bernoulli beam theory. Sirohi and Chopra (2000a) derived an equation for 

‘effective length’, leff , of the sensor, as 
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.tanh1
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                                     (2.37) 

where      

2 3 s ps

p s b b b

G wG
Y h h Y h h w
 

    
 

      (2.38) 

and Gs is the shear modulus of the adhesive, Yb the Young’s modulus of elasticity of beam, hs 

and h the thicknesses of the adhesive layer and PZT patch respectively and wb the width of the 

beam. They concluded that for Ґ > 30 cm-1, the shear lag effect can be assumed to be negligible 

and the force is transferred effectively over the end regions of the patch. The main limitation of 

effective length approach for EMI technique, however, is that it is not complete since in EMI 

technique, both sensor and actuator effects are utilized. 
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Xu and Liu (2002) treated the bonding layer between the piezo element and the host structure as 

a spring-mass-damper system. The admittance of Liang’s model was modified by incorporating 

the mechanical impedance (Zb) of the bonding layer. The bond layer’s impedance was placed ‘in 

series’ (see Figure. 2.9) with the structural impedance (Zs) of the structure, so as to result in the 

equivalent impedance, can be expressed as 

 
b s

res s
b s

Z ZZ Z
Z Z

 


    (2.39) 

where  is the impedance modification factor 

Ong et al. (2002) partially included the shear lag effect in the EMI technique by incorporating 

the effective length parameter suggested by Siorhi and Chopra (2000) for sensor case (ignoring 

the actuator effect).  

 

A detailed derivation to integrate the shear lag effect into impedance formulation was proposed 

by Bhalla and Soh (2004c), with assumption of pure shear deformation of the adhesive layer. 

Bhalla’s parametric study concluded that use of higher shear modulus of elasticity and small 

thickness of bond layer ensures better transformation of strain from the structure to the patch and  

 

PZT patch 

Structural mechanical 
Impedance (Zs) 

m sK  

c 

 Zs 

Bonding layer stiffness = bK  

Figure 2.9 Modified impedance model of Xu and Liu (2002) including bond layer 
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vice versa. The governing dynamic shear lag equation (Bhalla and Soh, 2004c) for infinitesimal 

element shown in Figure 2.10, and can be formulated as 

 
2

2
p pu T

wdx dm h wdx
t x

 
 

 
         (2.40) 

where up is the displacement in the PZT patch, dm the mass of the infinitesimal element, τ the 

interfacial shear stress and T1 the axial stress in the PZT patch. After neglecting the inertia term, 

the impedance modification factor ( ), which was only ‘qualitatively’ described by Xu and Liu 

(2002), was rigorously derived by Bhalla and Soh (2004c) and for a square PZT patch as  
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where p   is defined as 
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Figure 2.10 Force/strain transfer mechanism through adhesive bond (Bhalla and Soh, 2004) 



   
 Impedance based modelling of piezo structure interaction 

33 
  

where uo is the displacement at the surface of the host structure at the end point of the PZT patch 

as shown in Figure. 2.10, and  '
ou  is the corresponding strain. The main limitation of the model is 

that inertia term of Equation 2.40 is neglected. 

 

Qing et al. (2006) experimentally studied the effect of both the thickness adhesive as well as the 

type of adhesive layer used to bond the patch to the host structure. It was found that the both the 

adhesive composition and the thickness could considerably affect the measured EMI signature, 

the observation closely matching those of Bhalla and Soh 2004c. Annamdas et al. (2007a, b) 

presented a numerical 3D FE model to obtain the EMI signature, for a rectangular PZT patch 

mounted on a structure, including the effects of the adhesive layer. The numerical results 

describing the structural responses were then used as inputs for theoretical 3D EMI model. 

Unfortunately, the researchers did not formulate a closed-form solution for the concerned effects.  

 

Han et al. (2008) found that the dynamic behaviour of a piezoelectric sensor depends on the 

bonding condition along the interface between the sensor and the host structure. Both numerical 

and analytical comparative study was conducted to simulate 2D electro-mechanical behaviour of 

the integrated system. They concluded that the loading frequency should not be too high in order 

to ensure accuracy in sensor output. In addition, the material combination of the sensor and the 

host structure needs to be carefully selected in order to improve sensor efficiency. 

 

Dugnani (2009) showed that for a circular PZT patch, the effect of the adhesive layer is 

frequency dependent and the losses due to shear deformation of the adhesive layer are 

predominant near the first radial resonance frequency. The model neglected the inertia terms of  
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the adhesive layer and assumed that the piezoelectric sensor was loaded by the host structure at 

the edge. Park et al. (2008) found that the effects of the bond layer are very significant in terms 

of both modifying the phase and amplitude of the produced electrical signals and also the 

measured EMI admittance spectrum. They observed that the imaginary part of the electrical 

admittance is more capable for detecting the deterioration of the bond layer. 

 

Bhalla et al. (2009) presented a simplified impedance model to incorporate shear lag effect into 

electro-mechanical admittance formulation for both 1D and 2D cases. Their model (see Fig. 

2.11) provides a closed-form analytical solution of the inverse problem, i.e. to derive the true 

structural impedance from the measured conductance and susceptance signature, thus an 

improvement over the previous models. The effective structural impedance as equivalent 

impedance Zs,eq was derived as  

   ,
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s
s eq

s s
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ZZ
Z h j
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       (2.43) 

Huang et al. (2010) reviewed the development of analytical, numerical and hybrid approaches 

for modelling of the coupled piezo-elastodynamic behaviour including the boding effect. They 

highlighted various issues like the effective use of PZT patch quantitatively and accurate 

Figure 2.11 Simplified 1D impedance model (Bhalla et al., 2009) 
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characterization of the local interfacial stress distribution between the patch and the host 

structure.  

 

Tinoco et al. (2010) carried out a numerical study to understand adhesive layer’s effects on the 

electro-mechanical coupling of the PZT patches bonded to structure. They identified that the 

deformations along the bonded interface present a nonlinear distribution of the strain and 

displacement. Electric potential generated across the PZT patch, when the structure is subjected 

to a known force, is modified when the thickness of the adhesive layer varies. The mechanical 

effects of the adhesive thickness are reflected on strains and electrical effects are reflected on 

electric potential generated by the PZT sensor. They also performed parametric study for stress 

and strain profile along the bond and found that the shear stresses are affected by the length of 

the sensor. Transmitted shear forces create a localized effect at the ends of the PZT sensor, where 

the shear stresses high. On the other hand, if the PZT sensors have small lengths, the mechanism 

to transmit forces is completely via shear stress throughout the interface. 

 

2.5 NUMERICAL INVESTIGATION OF SHEAR LAG EFFECT OF FE PIEZO-

STRUCTURE INTERACTION MODEL 

The development of FE based piezoelectric models are primarily meant for vibration control of 

machinery and structural elements under static and dynamic loads. In early days, the major 

technical difficulty in conducting a successful FE simulation of the transducer was the lack of 

understanding of interaction between structural and electrical fields in the piezoelectric systems. 

The conventional numerical approach considered only structural degree of freedom, neglecting 

the  electrical degree of freedom. The modern day coupled-field analysis on the other hand, takes 

into account the interaction between both the structural and the electrical fields. The new 
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piezoelectric finite element, available in several commercially available software, makes them 

very powerful tool in an integrated process of designing, prototyping and testing a transducer.  

 

Various FE models on PZT-structure interaction have been proposed since the 1990s. Lalande et 

al. (1995) provided an excellent and insightful review into FE approaches for the simulation of 

PZT-structure interaction. They broadly classified the FE models into three categories, namely 

direct formulation of elements for specific application, utilization of a thermo elastic analogy, 

and the use of commercially available FE analysis (FEA) codes incorporated with piezoelectric 

element formulation. They attempted the dynamic FEA of ring and shell structures using the 

commercially available software ANSYS 5.0. Fairweather (1998) developed an FEA based 

impedance model for the prediction of structural response resulting from induced strain 

actuation. The model utilized FEA to determine the host structure’s impedance based on eigen 

values and mass normalized eigen vectors. He derived the driving point mechanical impedance 

by evaluating the ratio of the applied known force to the resulting velocity, determined from the 

analysis.  
 

For the application of the EMI technique, the mechanical impedance obtained could be used to 

determine the bonded PZT patch’s admittance signature as if it were measured by an impedance 

analyzer, through the impedance based electromechanical coupling equation (Liang et al., 1994; 

Bhalla and Soh, 2004a). Initial applications of the above-mentioned models were mainly focused 

on a relatively low frequency of excitation, typically lower than 1 kHz. The FEA based 

impedance model was later applied to the EMI technique, which involves a much higher 

frequency of excitation, in the order of tens to hundreds of kHz. A study conducted by 

Makkonen et al., (2001) showed that fairly accurate results could be obtained for dynamic 

harmonic problems by FEA, even up to frequency of the order of GHz. With these 
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developments, the ability of FEA to model the behaviour of a PZT-structure interaction in the 

EMI technique has been significantly enhanced. 

 

Bhalla (2001) simulated PZT-concrete interaction via 3D FE modelling. 1D impedance model 

was coupled to the 3D numerical model of the host structure, a concrete block. Damage was 

simulated using the built-in crack propagation scheme of ANSYS. Lim (2006) showed 

reasonably good agreement of between the experimental and the FEA based impedance results 

for an aluminium beam, truss and concrete cube. In fact, the above described models were with 

semi-analytical, since they coupled the impedance based analytical model separately into the FE 

output consisting of displacement response. 
 

Liu and Giurgiutiu (2006) investigated the use of FE model to simulate various SHM techniques 

with PZT patch. For the simulation of the EMI technique, simple models, like free piezo patches 

of different shapes and one-dimmensional beam bonded with PZT patches were investigated. For 

the wave propagation technique, a long beam with several PZT patch installed was excited by 

tone burst signals with axial and flexural guided wave propagation along the beam. The 

existence of a crack will cause the echo to be reflected back. They highlighted the accuracy of 

the coupled field analysis with close agreement of simulated result to the experimental signature. 

Liu and Giurgiutiu (2007) compared the real part of the electrical impedance from both the FEA 

based impedance model (semi analytical) and the coupled field FE model for a 1D thin beam 

structure to experimental results. The coupled field FE model exhibited closer agreement to the 

experimental results.  
 

Yang et al. (2008) simulated the PZT-structure interaction for the high frequency range (up to 

1000 kHz) using the commercially available finite element (FE) software, ANSYS version 8.1, 

through the direct use of coupled field elements. Yang et al. (2011) derived the coupled field 



   
 Impedance based modelling of piezo structure interaction 

38 
  

governing equation for the strain on the patch and the surface of the host structure for both static 

and dynamic cases. They numerically simulated the strain ratio (piezo strain to that of structure) 

(Sp/Sb) and compared with the theoretical solution.  They observed the strain at the ends of patch 

changes abruptly due to singularity, which cannot be simulated by FE multiphysic and also 

studied the effect of circuit resistance on the shear lag. 
 

Jin and Wang (2011) predicted, through their numerical simulation, that the increase of the bond 

layer thickness will increase the shear stress distribution level along the internal of the actuator, 

and decrease the strain concentration at the tips of the actuator. Besides, the material 

combination of the actuator and the host structure needs to be carefully selected in order to 

improve actuator efficiency. 

 

Zhang et al. (2011) derived a coupled EMI model of Timoshenko beam with a pair of PZT 

patches bonded on the top and bottom surfaces of the beam, with the bonding layer assumed as a 

Kelvin-Voigt model. The shear lag model was introduced to investigate the influence of the 

crack and the inertial forces of PZT patch and adhesive layers on the coupled structural response. 

They concluded with two significant results. 

 

1. The inertial forces of the PZT patch and the bonding layer should be considered in the high 

frequency band, especially for a thin beam structure. Because the EMI technique employs 

high frequency, the inertial force should taken into account  

2. In order to improve the accuracy of damage identification, the high frequency band which 

contains many peak frequencies should be chosen. 

The coupled element based simulated result apparently have several advantages over the 

conventional uncoupled or semi-analytical approaches, such as direct acquisition of electrical 
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admittance/impedance and the ability to model  various piezo active control system for different 

complexities.  

2.6 SUMMARY: CRITICAL POINTS OF REVIEW  

From the discussion in this chapter, it has been found that, the inclusion of the shear lag effect is 

still not complete. It needs to be properly addressed in coupled electro-mechanical impedance 

signature. Based on the critical review of literatures, the following points can be noted: 

1. All the existing models do not consider the force/strain transfer phenomena completely, 

taking care of all the dynamic parameters involved in the piezo deformation process. 

They have included the shear lag parameters partially to avoid the complexity of the 

problem.  

2. Crawely and de Luis (1987) added the bond layer in piezo-actuator beam but did not 

consider the inertial force in account due to negligible PZT mass. Also, their model is 

strictly based upon the quasi-static conditions, and especially suited to condition that the 

PZT patch serves as actuator only (dual effect ignored). Further, the results are not 

generic and restricted to beams only. 

3. Siorhi and Chopra (2000) included the shear lag effect for sensor case by defining 

effective length factor. 

4. Xu and Liu (2002) modelled the effect as single degree of freedom (SDOF) system by 

including bond stiffness (Kb). The model was however incomplete. No expression was 

derived for Kb , which highly depends upon bonding process and bond thickness and no 

experimental validation was attempted. 

5. Ong et al. (2002) attempted characterization of shear lag effect for EMI technique using 

the analysis of Siorhi and Chopra (2000) through the concept of effective length. As they 

considered the patch as sensor only, the shear lag effect was included only partially. 
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6.  Bhalla and Soh (2004c) carried out step-by-step derivation for shear lag effect 

considering by dynamic equilibrium equation (Equation (2.40)). But for the sake of 

simplicity, the inertia term (dm) and shear stress ( ) terms were solved separately and 

later superimposed. The solution was thus an approximation. 

7.  Bhalla et al. (2009) proposed simplified impedance model in which the bond layer was 

considered attached in series between the PZT patch and host structure, undergoing pure 

shear deformation. It was a simplified approach because the bond layer was not 

connected throughout the sensor length and attached as end-to-end connection.  

 

  2.7 GAPS IDENTIFIED IN PREVIOUS RESEARCH 

The main gaps identified from the previous models developed for including the bond effect is the 

incorporation of inertia of the patch and the adhesive in the dynamic solution of the impedance 

based shear lag model. For the static case, the shear lag effect was quantified in static analysis in 

terms of shear lag ratio (Crawely and de Luis, 1987; Sirohi and Chopra, 2000a, b). From the 

dynamic interaction point of view, the bonding layer has been modelled as an added SDOF 

stiffness to the structure (Xu and Liu, 2002; Ong et al., 2002). For 2D case, Bhalla and Soh 

(2004) quantified the bonding effect on PZT-structure interaction through shear lag parameter 

effP  and effq through effective impedance approach. But they solved the dynamic shear lag 

equilibrium equation (Eq. 2.40) by considering the inertia term (dm) and shear stress ( ) terms 

separately. In the earlier modelling, the bond layer was assumed to be attached at the ends of 

PZT patch and the host structure as a connector.  

This research has aimed for the modelling the bonding effect more accurately and efficiently for 

impedance based SHM by solving inertia and shear term simultaneously and simulating the bond 

layer as continuum area between the patch and the structure. 
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2.8 RESEARCH OBJECTIVES 

  Keeping the above discussion in view, the following objectives have been addressed in this   

research work.  

1. To perform preliminary investigation for the shear lag effect on piezo-impedance model 

numerically by performing FE coupled-field piezoelectric analysis. 

2. To derive complete solution of the dynamic equilibrium equation (Eq. 2.40) for shear lag 

effect by considering the inertial parameter pudm )( and shear stress wdx simultaneously 

for were rigorous model. 

3. To model the interfacial bond layer as a continuous medium of force transfer, between 

the PZT patch and the structure throughout sensor length, i.e. considering the stresses and 

the strains developed at interface due to PZT deformation continuously, and not just the 

end strains as in the previous models. 

4. To investigate the effect of the bond layer on power consumption in piezo-driven systems 

using the new continuum based shear lag model. 

5. To quantify the different losses occurring within piezo-active control system, by defining 

energy conversion efficiency ratio and to study their effect on the overall performance of 

the system. 

6. To evolve a modified electro-mechanical coupling coefficient based on the continuum 

based piezo-mechanical system, duly considering all loss parameter and shear lag effect.  
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3.1 INTRODUCTION  

The current trend of engineering activities for the development and industrial applications of 

piezoelectric transducers has prompted the development and simulation and design tools to 

aid designing  applications such as oscillators for electronic circuits, acceleration sensors and 

gyroscopes, sound transducers, vibration monitoring, vibration control and energy harvesting. 

Except for very few applications where the structure’s geometry including the piezoelectric 

elements is simple and can be solved through analytical solution, otherwise numerical 

methods, such as the finite element method (FEM), have to be used to simulate complex 

electro-mechanical systems. 

 

For decades, the FEM has been extensively applied for stress analysis of structures. The 

advantage of FEM over analytical solutions is that stress and electrical field measurements 

for systems of complex geometries, and their variations throughout the device, can be easily 

determined by FEM. It eliminates the need to manufacture and test numerous specimens. The 

major earlier technical difficulty in conducting a successful simulation on piezo transducers 

was the lack of appropriate tools for modelling the interaction between the patch and the host 

structure, which involves complicated coupling of mechanical and electrical domains. It is 

not enough to understand these areas individually. However, by capturing the coupled effects 

of these phenomena simultaneously, a step could be made forward for an efficient and 

optimized piezo-active model for practical applications. This can be possible by using 

coupled-field analysis through FEM, which can take care of the interactions between the 

mechanical and electrical domains concurrently. 

Chapter -3 
SIMULATION OF SHEAR LAG EFFECT BY 
COUPLED FIELD FINITE ELEMENT MODELLING 
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This chapter focuses on numerical modelling of piezo-structure interaction through bond 

layer for both 2D and 3D using ANSYS 12.0 (2010). For electro-mechanical coupled 

simulations, there are several ingredients, the major being the format of input of the key 

parameters. Hence, this chapter has aimed to model piezo shear lag model with modified 

input of material properties in the recommended format, resulting in accurate piezoelectric 

analysis for the EMI technique. 

 

3.2 FE MODELLING INVOLVING PZT TRANSDUCERS  

In particular, the actuators action on a structure appears as an external force proportional to 

the applied voltage, whereas the system’s stiffness is purely elastic. In case of sensors, the 

problem appears as an added stiffness term due to the open-circuit condition of the 

piezoelectric patch, whose terminal voltage (the sensor output) is proportional to the 

mechanical displacement.  If the piezoelectric elements are used either as sensors or actuators 

for sensing or active vibration control, it is worth remarking that the electrical unknowns can 

be condensed or coupled so that the problem has the form of a standard elastic vibration 

problem. 

 

A pioneering work on piezoelectric finite element by Allik and Hughes (1970) proposed the 

formulation of coupling between the mechanical displacement and the electric potential field, 

taking into account both direct and inverse effects. This formulation formed on the basis of 

numerical studies involving an elastic structure with coupled piezoelectric elements (Tzou 

and Tseng, 1990; Hwang and Park, 1993; Vasques and Rodrigues, 2005; Kim et al., 1997; 

Saravanos et al., 1997; Trindade et al., 2001; Lammering et al., 2003; Carrera and Boscolo, 

2007). However, the need of modelling for both sensing and actuation at the same time is 

required by applications where a passive electric circuit is connected to the piezoelectric 

elements. Shunt techniques were proposed by Hagood and flowtow (1991) and reviewed by 
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Lesieutre (1998). The initial models used for simulating these shunted systems were lumped, 

with only two degrees of freedom (DOF) (one mechanical and one electrical, in most cases 

one vibration mode and the electric-free charge). On the contrary, richer models can be 

obtained through present day piezoelectric FEM commercial software, by simulating the 

shunt as an active controller with simultaneous sensing and actuation (Nguyen et al., 2006). 

This later case is often numerically intensive. In addition to simulating the vibratory 

behaviour of the mechanical structure coupled to an electric circuit, another achievement is 

the optimization of the whole system, in terms of size/shape/location of the piezoelectric 

patches as well as the choice of the electric circuit components. The coupled element based 

simulated results have several advantages over the conventional uncoupled or semi-analytical 

approaches, such as direct output of electrical admittance/impedance and the ability to model 

the PZT patch and the bonding layer simultaneously. Therefore, the next section will follow 

complete modelling of the PZT-structure interaction including the bonding layer using 

commercially available FE software, ANSYS 12.0 through inbuilt coupled field element. 

Performing the harmonic analysis, the outcomes will be compared to impedance based semi 

analytical solution (Bhalla et al., 2004a) as well as the experimental signatures (Bhalla et al., 

2004b). 
 

3.3 REVIEW OF FE MODELLING USING COUPLED-FIELD ANALYSIS 

In certain engineering problems, the behaviour of some system requires additional conditions 

or degree of freedom. For example, certain points (nodes) may be expected to have the same 

displacement in a certain direction. One can take advantage of this behaviour and enforce it in 

order to achieve an accurate solution with minimum computational resources. If particular 

degrees of freedom at several nodes are expected to have the same unknown value, these 

degrees of freedoms can be coupled. Piezoelectric analysis comes under the category of 

coupled field analysis. Coupled field analysis considers the interaction or coupling between 



  
                                 Simulation of shear lag effect by coupled field finite element method  

45 

  

two or more disciplines of engineering (ANSYS, 2012). Piezoelectric analysis caters for the 

interaction between structural and electric fields for static, modal, harmonic and transient 

analyses. Basically, two types coupling methods are used for FE modelling. Strong or 

simultaneous coupling is mainly used for piezoelectric analysis. Week or sequential coupling 

is mostly used for high temperature acoustic applications. 
 

Various FE coupled elements, in different forms such as solid, shells and plates have been 

developed to model piezoelectric adaptive structures. Coupled field elements, incorporating 

both mechanical and electrical degrees of freedoms, reflect the electro-mechanical coupling 

character of piezoelectric materials to study the interactions of piezoelectric active sensors 

with host structures. The present coupled FE study uses 3-D brick elements having eight 

nodes with up to six DOF at each node. When used for piezoelectric analysis, it adds an extra 

electrical voltage DOF in addition to six displacement DOFs. For each DOF of a node, there 

is a reaction force. Reaction force FX, FY, FZ corresponds to the X, Y, Z displacements 

respectively and charge Q corresponds to the voltage DOF, which is utilized to calculate the 

admittance. 

 3.4 THEORY OF COUPLED PIEZOELECTRIC ANALYSIS  

The piezoelectric material parameter format suggested in the IEEE standard 176 (1987) is 

drastically different from the ANSYS format. The IEEE Standard specifies standard 1x6 

format for stress matrix as  , , , , ,x y z yz xz xy      . ANSYS, on the other hand, uses the 

standard structural mechanics format where the order is  , , , , ,x y z xy yz xz      . Material 

data which is considered in the IEEE format having the polarization axis along Z-direction, 

where as in ANSYS format, the Y axis is considered for polarization (see Figure 3.1(a) and 

(b)). Thus, the supplied material data must be transformed appropriately. Some of the term 
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conversions are discussed here. Anisotropic elastic compliance matrix in IEEE standard 

format (polarization axis Z-axis) is 

 

11 12 13

21 22 23

31 32 33

44

55

66

0 0 0
0 0 0
0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

S S S
S S S
S S S

S
S

S

 
 
 
 
 
 
 
 
  

    (3.1) 

As per ANSYS format, this should be transformed as 

11 12 13

21 22 23

31 32 33

66

44

55

0 0 0
0 0 0
0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

S S S
S S S
S S S

S
S

S

 
 
 
 
 
 
 
 
  

                                  (3.2) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1 A piezoelectric material sheet with  
a) Axes as per IEEE standard 

b) Axes as per ANSYS format 

(b) 

1 (x-direction)  

(a) 

 (z-direction) 

 (y-direction) 

 (x-direction)  

2 (y-direction) 
3 (z-direction) 
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Further, in addition to converting the elasticity data from the IEEE format to the ANSYS 

format, it must be also rotated so that the polarization direction will be Y rather than Z, that 

is, Z and Y terms need to be interchanged, so that the matrix is 

11 13 12

31 33 32

21 23 22

66

55

44

0 0 0
0 0 0
0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

S S S
S S S
S S S

S
S

S

 
 
 
 
 
 
 
 
  

    (3.3) 

The piezoelectric strain co-efficient matrix in IEEE standard input  is 

31

32

33

42

15

0 0
0 0
0 0
0 0

0 0
0 0 0

d
d
d

d
d

 
 
 
 
 
 
 
  
 

             (3.4) 

Rearranging the rows of 4, 5 and 6, the matrix in the ANSYS format will be 

31

32

33

42

15

0 0
0 0
0 0
0 0 0
0 0

0 0

d
d
d

d
d

 
 
 
 
 
 
 
  
 

           (3.5) 

Finally, Y being the axis of polarization instead of Z, must be accounted for; hence the 

transformation can be presented as 

 x y z   x z y 
x d11 d21 d31 x d11 d31 d21 
y d21 d22 d23 z D31 D33 D32 
z d31 d32 d33 y D21 D23 D22 
xy d41 d42 d43 xz d61 d63 d62 
yz d51 d52 d53 zy d51 d53 d52 
zx d61 d62 d63 yx d41 d42 d43 
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Hence, the final piezoelectric strain co-efficient matrix in the ANSYS format shall be 

31

33

32

42

51

0 0
0 0
0 0
0 0 0
0 0

0 0

d
d
d

d
d

 
 
 
 
 
 
 
  
 

     (3.6) 

In the same manner, the dielectric permittivity matrix at constant stress can be expressed in 

the ANSYS format (for Y-axis as the polarization axis) as 

22

11

33

0 0
0 0
0 0






 
 
 
               (3.7) 

The finite element discretization is performed by establishing nodal solution variables and 

element shape functions over an element domain, which approximates the solution, that is 

     uNu
Tu

c           (3.8) 

         TV
cV N V         (3.9) 

where {uc} represents the structural displacements within the element domain in the x, y, and 

z directions, and Vc is the electrical potential for the same coupled FE element. [Nu] and [NV] 

are the shape functions for structural displacement and electrical potential of the considered 

element respectively. {u} and{V} are the vectors of the nodal  displacements and the nodal 

electrical potential respectively. 

Expanding the terms,  

 

















n

n

n
Tu

N
N

N

N
N

N
N

00
00
00

..................
00

00
00

1

1

1

        (3.10) 

and        n
TV NNNN .............21            (3.11) 

The structural displacement  u and electric nodal displacements  V  can be represented as 
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1
1 1 1

2
2 2 2

3 3 3
.
.

. .. .. ... .
.

. .. .. ... .

x y z

x y z

x y z

n
xn yn zn

Vu u u
Vu u u

u u u
u and V

V
u u u

 
   
   
   
        
   
   
   
    

 

    (3.12) 

The constitutive matrices  uB and  VB respectively for the structural and electrical DOF are 

related to the structural and electrical displacement as follows  

    uS B u                                    (3.13) 

    VBE V      (3.14) 

where {Bu} and {BV} respectively expressed as 

 

0 0

0 0

0 0

0

0

0

Tu
u

x

y

zB N

y x

z y

z x

 
  

 
 
 

 
         
  
   
  
   
   

                       (3.15) 

and              TV
V

y
x
yB N
y
y
z

 
  
   
 
 
  

                      (3.16) 

 Using variation principle, the coupled FE matrix for piezoelectric analysis can be expressed 

as (ANSYS, 2010; Allik, 1970). 
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0 0
0 0 0 0

Z

TZ d

K Ku u u FM c
V LV V K K

                                                           

 
              (3.17) 

where {u} is the structural displacement vector, {V} the vector of nodal electric potential 

(the dot above a variables denotes time derivative), {L} the vector of nodal, surface and body 

charges. 

The piezoelectric coupling matrix [KZ] and [KV], the dielectric conductivity, can be defined as  

      Tz
u V

vol

K B B d vol        (3.17.1) 

      Td
V V

vol

K B B d vol        (3.17.2) 

The Raleigh damping matrix [C] has been considered structural damping can be expressed as 

     C M K       (3.17.3) 

where 0 and  


  .  [M] denotes the structural mass matrix and {F} presents the 

structural force developed due to coupled piezo deformation. For the FE modelling, plane 13 

and solid 5 elements were chosen for 2D and 3D PZT patch’s modelling respectively. The 

excitation of the PZT patch in this study is well within the linear range, as in the EMI 

technique, due to the use of very small voltage (typically 1V). Effect of hysteresis is also 

assumed to be negligible due to the use of relatively thin and small patch with very low 

voltage of excitation. For piezoelectric analysis, one needs to couple the bottom and top 

nodes of the PZT patch with “VOLT” DOF. Performing the full harmonic analysis, the 

resultant output can be obtained as reaction force (-Q) labelled as AMPS from time history 

post processor of ANSYS 12.0. (Lim, 2010). For obtaining current, one has to consider the 

negative of the charge (Lim, 2010) and differentiate charge with respect to time that is 
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 ( )

j t
r j

j t
r j

Q Q Q j e

d QI I I j e
dt





   


   

    (3.18) 

Finally, the electro-mechanical admittance can be obtained by          

  
IY
V

                             (3.19) 

With the aid of ANSYS 12.0, the electric current can be directly computed for the admittance 

signature from the EMI technique (with തܸ  = 1V), saving all the hassle of converting the 

mechanical impedance into electrical admittance through the impedance based 

electromechanical coupling equation (Equation 2.13) as, required in the FEA based semi-

analytical impedance models. The mechanical and electrical properties of PZT patch have 

been enlisted in Table 3.1. 

Table 3.1: Piezoelectric properties of PIC 151 (PI Ceramics, 2010). 
 

Parameters  Symbols Values  Unit  
Density ρ 7800 Kg/m3 

Dielectric loss factor tanδ 0.02  
 
 

10-12 m2/N 

 
 

 
Compliance  

 
 

S11 15.0 
S22=S33 19.0 
S12=S21 -4.50 
S13=S31 -5.70 
S23=S32 -5.70 
S44=S55 39.0 

S66 49.4 
 

Electric Permittivity 
ଵଵ்ߝ  1.75  

10-8F/m ߝଶଶ்  1.75 
ଷଷ்ߝ  2.12 

 
 

Piezoelectric Strain 
Coefficients 

d31 -2.10  
 

10-10 m/V 
d32 -2.10 
d33 5.0 
d24 5.80 
d15 5.80 
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3.5 2D FE MODELLING OF ADHESIVELY BONDED PZT PATCH 

Figure 3.2 presents the a 2D FE model, where a host structure (48x10mm) is instrumented 

with a PZT patch (5mm x 0.3mm) with the help of epoxy adhesive of thickness 

0.03mm.Though the structure is 2D, the PZT-structure interaction is 1D in nature (i.e. the 

displacement of PZT patch and structure is coupled along x-axis only). The material 

properties of the structure listed in Table-3.2 and those of PZT patch listed in Table 3.1 were 

used for modelling in the ANSYS 12.0 workspace. Due to geometric symmetry, only one half 

of the piezo structural system (24x10mm) has been modelled. The convergence study was 

done, resulting in a suitable element mesh size of 0.5mm. The comparison between the 

outputs of PZT-structure interaction system with and without adhesive (perfect bonding 

condition) is shown in Figure 3.3. For this case, the conversion of material input for 

polarization axis is required, because for 2D shear lag model, the normalized Y- axis is being 

considered for polarization axis. Along the line of symmetry thr x component of displacement 

is locked, other boundary conditions are self explanatory. 

 

 Figure 3.2 FE model of 2D PZT- Structure interaction 

 

 

 

24mm 

10
m

m
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It can be clearly observed from figure that the presence of the bond layer has significantly 

influenced on the admittance signature in terms of shifting of peaks downwards in the 

conductance (G) plot and change in the slope of the susceptance (B) plot. It is also observed 

that the imaginary part (B) of the numerically simulated admittance signature is negative 

contrary to actual observation. The susceptance plot reported by Yang et al. (2008) 

performing similar analysis was possibly incorrect because material properties were not in 

proper ANSYS format. The shifting of resonance peak in conductance plot implies inaccurate 

detection of structural resonance frequencies in presence of bonding. Similarly the bond 

deterioration can be interpret form the shifting of slope in susceptance curve.  

The result from the present numerical analysis is compared with the 1D impedance based 

analytical signature contributed by Liang et al. (1994) (no bond layer), Bhalla and Soh 

(2004c) (with bond layer) and Bhalla et al. (2009) (with bond layer) in Figure 3.4. For the 

sake comparison, the absolute value of susceptance is considered. Further, in order to 

investigate the characteristics of basic piezo-ceramic properties and their effects on the 

signature, a parametric study has been carried out. 
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Figure 3.3 Effect of adhesive on PZT-Structure interaction signature 
(a) Conductance (G) vs Frequency  
(b) Susceptance (B)  vs  Frequency 
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Figure 3.4 Comparison of coupled field numerical result with other analytical 
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Figure 3.5 shows the variation of admittance signature with alteration of the bond thickness. 

It is observed that by altering the bond thickness to lower values, the peaks of admittance plot 

have reduced significantly. Similarly, the effect of other parameters like shear modulus and 

damping of the bond layer is depicted in Figures 3.6 and 3.7 respectively. It is very apparent 

from Figure 3.7, that the mechanical loss factor has very negligible effect on admittance 

signature compared to shear modulus, which alters the signature drastically. 
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Figure 3.5   Effect of bond thickness on electro-mechanical admittance signature  

(a) Conductance (G) vs Frequency    
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Figure 3.8  Effect of sensor length on electro- mechanical admittance signature 

(c) Conductance (G) vs Frequency    

(d) Susecptance (B)  vs Frequency 
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Figure 3.8  Effect of mechanical loss factor on electro- mechanical admittance signature 

(a) Conductance (G) vs Frequency    

(b) Susecptance (B)  vs Frequency 
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Figure 3.8 shows the effect of sensor length on the admittance spectrum. In real part 

(conductance), the resonance peaks are shifted towards the left with higher peak value as the 

sensor length increase. On the other hand, in the imaginary part (susceptance) the peaks of 

the curve have changed abruptly. Hence, it can be stated that the change in sensor length 

affects the mechanics of the PZT-structure interaction has changed.  

3.6 3D MODELLING OF ADHESIVELY BONDED PZT PATCH  

The previous sections have demonstrated the feasibility of FEM for the modelling of 2D 

PZT-structure interaction. In this section, the FE modelling has been extended to the 

simulation of PZT-structure interaction for 3D case, including the interfacial adhesive layer. 

From the point of view the PZT patch, the interaction is 2D in nature. The PZT patch has 

been modelled with the Solid 5 element. This is due to the fact that the Solid 5 element 

possesses lesser nodes, which is more convenient in modelling multiple structures 

interactions. Also, according to recommendation by ANSYS 12.0 (2010), a smaller size 

element with lesser nodes is preferred rather than a larger size element with more nodes. The 

material properties of the aluminium beam and adhesive listed in Table 3.2 were considered. 

The type of element used for both bonding layer and aluminium block is Solid 45, specified 

for modelling of solid structures with eight nodes having three degree of freedom at each 

node. 

Solid 5 elements is eight noded 3D coupled field brick element having six degrees of freedom 

(ux, uy, uz, VOLT, TEMP and MAG DOF), For piezoelectric analysis, we need only four 

degree of freedom (ux, uy, uz, VOLT).  Solid 5 has 3-D magnetic, thermal, electric, 

piezoelectric and structural field capability with limited coupling between the fields. The 

element has special advantages over other elements i.e. iterative solution for field coupling, 

large deflection and stress stiffening. 
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A simple rectangular aluminium block sized 48mm x 48mm x10mm was considered as the 

host structure in this study. A PZT patch of size 10mm x 10mm x 0.3mm was assumed to be 

bonded at the centre of the block (see Figure 3.9). Again, taking advantage of the geometrical 

and loading symmetry, only one-fourth of the system was modelled.  

It is worth mentioning that the patch was simulated to be ‘bonded’ to the aluminium beam 

through the bonding layer by merging the interfacial nodes between the patch and the bond 

layer. Merging of the nodes ensures that the interfacial nodes carry the same displacements 

and thus ensuring strain transfer. Both planes (top and bottom plane) of the PZT patch lies in 

xy plane (i.e. poling axis is Z-direction). Hence, the polarization axis (Z-axis) is the same as 

in IEEE format for this coupled field analysis. Therefore, for this case, the input material 

properties were not converted for polarization axis which was needed for 2D shear lag model. 

Equations (3.2), (3.5) and (3.7) are quite sufficient for this piezo harmonic analysis. Element 

sized 0.5mm was adopted throughout the entire modelling. The Table 3.3 present mesh 

convergence test result for perfectly bonded PZT patch, which shows that an element size of 

0.5mm is sufficient to ensure satisfactory results. 

Figure 3.9 (a) Isometric view of one-fourth of aluminium block (48mm x 48mm x10mm) 

adhesively bonded with PZT-patch modelled in ANSYS12.0 workspace. (b) Illustration of 

geometric and loading symmetry of the model. 
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Table- 3.2: Material properties of Aluminium block and adhesive 

 

 

 

No of modes 
extracted

2mm 1.5mm 1mm 0.8mm 0.5mm
1 82 81.801 81.453 81.362 81.257
2 89.63 89.639 89.055 88.966 88.874
3 91.293 91.256 90.716 90.631 90.525
4 107.02 1.07E+02 1.06E+02 1.06E+02 1.06E+02
5 126.44 1.26E+02 1.25E+02 1.25E+02 1.24E+02
6 138.64 1.38E+02 1.37E+02 1.37E+02 1.37E+02
7 140.39 1.40E+02 1.39E+02 1.39E+02 1.39E+02
8 142.96 1.42E+02 1.41E+02 1.40E+02 1.40E+02
9 145.18 1.44E+02 1.44E+02 1.43E+02 1.43E+02

10 149.39 1.50E+02 1.48E+02 1.48E+02 1.47E+02
11 150.6 1.50E+02 1.49E+02 1.49E+02 1.49E+02
12 157.01 1.56E+02 1.54E+02 1.54E+02 1.54E+02
13 158.22 1.58E+02 1.55E+02 1.55E+02 1.54E+02
14 165.31 1.65E+02 1.63E+02 1.62E+02 1.62E+02
15 169.58 1.68E+02 1.67E+02 1.66E+02 1.66E+02
16 178.49 1.75E+02 1.73E+02 1.73E+02 1.72E+02
17 182.49 1.81E+02 1.79E+02 1.79E+02 1.78E+02
18 183.4 1.84E+02 1.81E+02 1.81E+02 1.80E+02
19 187.46 1.85E+02 1.83E+02 1.82E+02 1.82E+02
20 192.88 1.90E+02 1.88E+02 1.87E+02 1.87E+02

Modal Frequency (kHz)
Element Size

Mode No

 

 

The signatures obtained from the dynamic harmonic analysis of the PZT- structure interaction 

are shown in Figure 3.10. From this figure, it can be observed that in both conductance (G) 

Parameter Symbols Material values Unit 
Density ρ Aluminium 2715  

      Kg/m3 Epoxy 1000 
Poisson’s ration   Aluminium 0.3 

Epoxy 0.4 
Young’s Modulus EY  

 
Aluminium 68.95  

109N/m2 Epoxy 5.1 
Constant stiffness 
multiplier (Rayleigh 
Damping) 

β Aluminium 1 x 10-9 
Epoxy 6 x 10-9 

Table 3.3 Modal frequencies of the host structure. 
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and susceptance (B) plots, the conductance curve has acquired much lower value as compared 

to perfect bonding condition (where the adhesive is completely ignored). It is also observed 

that the peak values and the slope of susceptance signature for the adhesively bonded PZT-

structure are much lower than that of the perfectly bonded PZT-structure system due to 

additional damping introduced by the adhesive. Again, susceptance is negative here. 

 

The numerical coupled signatures are compared with analytical and experimental results 

published by Bhalla and Soh (2004c) as shown in Figure 3.11. For the sake comparison, 

absolute values of susceptance are considered and plotted. Both the real part as well as 

imaginary component has good agreement for resonance peak frequencies. For conductance, 

the numerical signature does not follow the slope of analytical and experimental signature. 

Also, the peak values are much lower than other plots. Similar observations are also found for 

also susceptance case. 

 

In overall it can be recommended that the numerical signature for coupled FE piezo-

elastodynamic model is not quite adequate because the slope and peak values are drastically 

different from analytical and experimental approach. In addition, the numerical approach FE 

approach leads to negative value of susceptance. This could possibly be due to some inherent 

error in processor of ANSYS.  
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Figure 3.10 Comparison of numerical obtained signatures of perfectly bonded PZT-structure 

system and adhesively bonded PZT-structure interaction system 

(a) Conductance (G) vs Frequency 

(b) Susceptance (B) vs Frequency 
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Figure 3.11 Comparison of 3D numerical EMI signature with analytical and numerical 

admittance signatures (Bhalla and Soh, 2004c)  

(a) Conductance (G) vs Frequency     

(b)  Susceptance (B) vs Frequency 
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3.7.1 Parametric Studies for Piezo Structural Interaction 

This subsection presents a brief parametric study carried out using the 3D FE model 

presented before. 

(a) Effect of bond layer thickness 

Figure 3.12 shows the plots for two different bond thicknesses i.e. 0.03mm and 0.05mm. It 

can be observed that, the thickness of the bond layer has significantly altered the piezo-

resonance peak as it is clearly depicted from the figure.  
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Figure 3.12 Effect of bond layer thickness on electro-mechanical admittance signature for 
3D coupled analysis field              

(a) Conductance (G) vs Frequency  
(b)  Susceptance (B) vs Frequency 
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It is apparent that as bond layer thickness increases, the peaks subside down and shift 

rightwards. Besides, the average slope of the susceptance curve falls down.  

(b) Effect of shear modulus   

Figure 3.13 shows the influence of bond layer’s shear modulus on the conductance and 

susceptance signature. It is observed that as Gs decreases, the peaks of conductance and 

subsides down. In the susceptance plot, it is observed that the average slope of the curve falls 

down slightly, besides peaks subsiding drastically.  

  

 

 

           

 

0.00E+00

2.00E-07

4.00E-07

6.00E-07

8.00E-07

1.00E-06

0 50 100 150

Co
nd

uc
ta

nc
e (

S)

Frequency (kHz)

Gs=0.5GPa

Gs=0.05GPa

Gs=1.0GPa

-6.00E-05

-5.00E-05

-4.00E-05

-3.00E-05

-2.00E-05

-1.00E-05

0.00E+00

0 50 100 150

Su
sce

pt
an

ce
 (S

)

Frequency (kHz)

Gs=1.0GPa

Gs=0.05GPa

Gs=0.5GPa

Figure 3.13 Effect of shear modulus of adhesive on electro-mechanical admittance signature 
obtained through 3D coupled field analysis                        

(a) Conductance (G) vs Frequency 
(b) Susceptance (B)  vs Frequency 
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In this regard, it should be noted that the imaginary part undergoes much earlier identifiable 

change. Hence, it could be utilized in detecting problems related to the bond layer. 

(c) Effect of bond layer damping   

The effect of bond layer damping on coupled FE signature is represented by Figure 3.14. It is 

clear from the figure that as the damping increases, the slope of the baseline conductance 

tends to fall down. Susceptance (see Fig 3.14(b)), also undergoes increase in the value with 

increase of the mechanical loss factor. 

 

 

 

 

 3.8   CONCLUDING REMARKS 

This chapter covers the coupled field analysis covering 2D and 3D FE model with inclusion 

of bond layer through coupling of the structural and the electrical DOF for a high range of 

frequency in kHz. Proposed FE model is adapted for ANSYS 12.0 by carrying out 

appropriate change for parameters from IEEE format to ANSYS format. This is an 

improvement over the previously reported work of Yang et al. (2008), where this part was 

ignored. The simulated signature from 2D numerical model is in good enough to capture the 
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shear lag effect both in conductance and susceptance plot. However, it is very much deviated 

from the experimental and the analytical result. For 3D case, the EMI signatures are roughly 

matching with experimental and previous existing semi-analytical signatures. Supportive 

parametric study is followed by altering piezo-mechanical parameters as well as bond 

conditions. The advantage offered by the coupled field analysis is that it furnishes the results 

directly, without the necessity of additional computation on the ANSYS output. The values 

are drastically different than the analytical and experimental value. However, currently it is 

advised to use the real part (G) only since B (susceptance) is found to be negative in values. 

If however, B is to be used, its sign needs to be changed by multiplying (-1). So here, we can 

conclude that the numerical approach for modelling shear lag phenomena is not very 

accurate. It is at most suitable for preliminary investigation only. 
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4.1 INTRODUCTION  

The preceding chapter has highlighted the limitations of the coupled field numerical modelling 

for piezo-bond structural system. The earlier analytical models of shear lag effect also have 

limitations as described in Chapter 2. To alleviate these problems, this chapter presents a new 

refined analytical model for inclusion of the shear lag effect in modelling of adhesively bonded 

PZT patches for consideration in the EMI technique. The previous analytical models neglected 

the inertial term in shear lag formulations for simplicity. The present refined model, on the other 

hand, considers the inertial and the shear lag effects simultaneously, and is therefore more 

rigorous and complete. The model is first derived for 1D case and then extended to 2D PZT- 

structure interaction. The refined formulations are employed for a detailed stress analysis of the 

bond layer. The chapter concludes with a parametric study on the influence of various sensor 

parameters on the EMI signatures. 
 

4.2 DERIVATION OF PROPOSED 1D SHEAR LAG MODEL 

The governing dynamic shear lag equation (Bhalla and Soh, 2004c) for a structural element 

shown in Figure 4.1, can be written as 

 
2

1
2
pu Twdx dm h wdx

t x
 

 
 

     (4.1) 

 
 Figure 4.1 Deformation in bond layer and PZT patch. 

Chapter-4 
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where up is the displacement in the PZT patch, dm the mass of the infinitesimal element, τ the 

interfacial shear stress and T1 the axial stress in the PZT patch. However, they simplified 

Equation (4.1) by ignoring the inertia term   pdm u . The simplified equation was combined with 

another equation adopted from the definition of mechanical impedance, that is  

1 sF T wh Z j u             (4.2) 

where Zs is the mechanical impedance of the structure and u the host structure’s displacement. 

The combination of the two equations (simplified Equation 4.1 and 4.2) resulted in a fourth order 

differential equation, which was solved for u and up. This equation was derived by  considering 

equilibrium of forces at a vertical section passing through the PZT patch, as given by Equation 

(4.2), which basically equates the axial force in the PZT patch (negative sign implies 

compression) with the product of mechanical impedance and velocity (note that u j u ). It is 

assumed herein that Zs is constant over the entire length of the PZT patch, due to its being 

infinitesimally small as compared to the host structure. This equation however, is not satisfied at 

the ends of the PZT patch, where 1 0T  , as imposed by the boundary conditions that the ends of 

the PZT patch are stress free. In addition to this error, the model ignored the inertia term as 

pointed out earlier. 

 

The refined model presented in this chapter consider Equation (4.1) in total, by duly considering 

the inertial term that was neglected in the previous model of Bhalla and Soh (2004c). Making 

substitution for following terms in the Equation (4.1), 

dm wh dx                 4.3(a) 

                                                            2
p pu u        4.3(b) 
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 E
p pT Y u       4.3(c) 

and     
 s p

s

G u u
h




        4.3(d) 

where   is the density of the PZT patch, 31 3d E   the free piezoelectric strain and sG  the 

complex shear modulus of elasticity of the adhesive bond layer and hs the adhesive thickness, the 

equation can be reduced to a compact form as  

1
p pu u u

q
         (4.4) 

where       
2

1 s

s

h h
G

 
 

         (4.5) 

and       s s
EE

ss

G Gq
Y h hY h h

          (4.6) 

Here,  can be termed as the inertia parameter. 1 implies no shear lag effect (i.e. previous 

model of Bhalla and Soh, 2004c) and 0  implies maximum contribution of shear lag effect.  

 

In present approach, in addition to considering the first equation rigorously, the second equation 

is derived from the shear stress transfer mechanism illustrated in Figure 4.1, which shows the 

portion of the PZT patch between coordinates 0 and x. Equating the shear force transferred 

between these two coordinates to the force-impedance relation, we can write 

l

s
x

wdx Z j u       (4.7) 

or          
( )l

s p
s

sx

wG u u dx
Z j u

h



         (4.8) 

Differentiating both sides with respect to x, we get 
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( )s p
s

s

wG u u
Z j u

h



      (4.9) 

which can be simplified to 

p
uu u
p


        (4.10) 

Where p  is the shear lag parameter defined by Equation (2.42). Equations (4.4) and (4.10) are 

the governing shear lag equations for the refined model with the shear lag parameters pand q 

being same as in the previous model (Bhalla and Soh, 2004c). Differentiating Equation (4.10) 

twice with respect to x, we get 

p
uu u
p


         (4.11) 

Eliminating pu  and pu  from Equation (4.4), (making the use of Equation 4.10 and 4.11), we get 

the governing differential equation as 

(1 ) 0u pu qu pqu            (4.12) 

This is homogenous differential equation, whose characteristic equation is  

3 2 (1 ) 0p q pq             (4.13) 

The above equation is a polynomial equation with complex coefficients, whose roots 1 , 2 and

3  lead to following solution for u, the displacement on the surface of the host structure. 

31 2
1 2 3

xx xu A e A e A e         (4.14) 

where 1A , 2A and 3A  are constants to be determined from the boundary conditions. Differentiating 

the Equation (4.14) with respect to x, we get 

31 2
1 1 2 2 3 3

xx xu A e A e A e           (4.15) 

Hence, from Equation (4.10), an expression for up can be written as 
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      31 2 31 2
1 2 31 1 1 xx x

pu A e A e A e
p p p

        
          

     
          (4.16) 

Appropriate boundary conditions are now required to be imposed to determine the unknown 

constants A1, A2 and A3. The first boundary condition is that at 0x , 0u , which leads to 

(from Equation 4.14) 

1 2 3 0A A A        (4.17) 

The second boundary condition, that is 0x , 0pu   leads to (from Equation 4.16) 

31 2
1 2 31 1 1 0A A A

p p p
      

          
     

   (4.18) 

The third and the final boundary condition is that the ends of the PZT patch are stress free 

(Crawely and de Luis, 1987), which means that at x=l, the strain pu   is equal to the free 

piezoelectric strain 31 31d E   (see Equation 4.3c). Hence, making use of Equation (4.16) (after 

differentiation), we can derive 

31 2 31 2
1 1 2 2 3 31 1 1 ll le A e A e A

p p p
     

     
           

     
   (4.19) 

The constants 1A , 2A and 3A  can now be obtained by solving Equations (4.17) to (4.19) 

simultaneously. Once determined, the constants can facilitate the determination of u and up at x = 

l, from which the equivalent mechanical impedance (with due consideration of shear lag effect), 

can be determined as (Bhalla and Soh, 2004c) 

( )

( )

x l
eq s

p x l

u
Z Z

u





     (4.20) 
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which, when used in Equation (2.13), in place of Zs,eff, facilitates deriving admittance signatures 

for adhesively bonded PZT patch for 1D case. The next section extends the formulations to 2D 

case, suitable for the 2D effective impedance model of Bhalla and Soh (2004a, 2004b).  

 

4.3 EXTENSIONS OF REFINED SHEAR LAG FORMULATIONS TO 2D 

The 2D equilibrium equations (similar to Equation 4.1 for 1D case) deduced from the free body 

diagram (see  Figure 4.2) can be expressed as follows (De Faria, 2003 ; Zhou et al., 1996) 

1 zx
px

T u
x h


 




      (4.21) 

and                    

2 zy
py

T u
y h


 





        (4.22) 

where upx , upy and T1, T2 are the displacements and the axial stresses on the PZT patch along x 

and y directions respectively. From 2D PZT-structure constitutive relations (Bhalla and Soh 

2004a; 2004c), the stress T1 along x-axis can be expressed as 

 
 

Figure 4.2   2D schematic view of PZT structure interaction model 
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y 
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   1 1 22
1

1

EYT S S 


     
    (4.23) 

where S1 and S2 are the strains along x and y axes respectively and   is the Poisson’s ratio. 

Making note of the fact that 1 pxS u , and differentiating with respect to x , we get 

 
1

21

E

px
T Y u
x 

 
 

     (4.24) 

Substituting Equation (4.24), 4.3(b) and 4.3(d) into Equation (4.21), and solving, we get 

    2
21

E
s

px px x px
s

GY u u u u
h h

    





 ,  (4.25) 

which can be further reduced as 

1
px x px

eff

u u u
q

           (4.26) 

where    
 21s

eff E
s

G
q

Y h h





                  (4.27) 

is the 2D equivalent shear lag parameter as q for 1D. Similarly, using Equation (4.22) for y 

direction, we can derive  

1
py y py

eff

u u u
q

      (4.28) 

Adding Equations (4.26) and (4.28) and dividing by 2, we get 

1
2 2 2

px py x y px py

eff

u u u u u u
q

        
      

     
    (4.29) 

Making use of the definition of effective displacement (Bhalla and Soh, 2004a), this can be 

expressed in a compact form as  
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 ( , ) ,
1

p eff eff p eff
eff

u u u
q

      (4.30) 

The second governing 2D shear lag equation (equivalent to Equation 4.11 for 1D case), can 

similarly be derived, using the concept of effective displacement, as 

2
2 2

x y

px py x y

eff

u u
u u u u

p

  
           

   
    (4.31) 

or           ,
eff

p eff eff
eff

u
u u

p


                    (4.32) 

where           2 (1 )s
eff

eff s

lGp
Z j h


 




                 (4.33) 

is the 2D equivalent shear lag  parameter as p for 1D (Bhalla and Soh, 2004c). Combining 

Equations (4.30) and (4.32) as in the 1D case and solving, the governing differential equation 

results as 

 1 0eff eff eff eff eff eff eff effu p u q u p q u          (4.34) 

For solving the above homogenous equation, its characteristic equation can be written as 

   3 2 1 0eff eff eff effp q p q            (4.35) 

Now, this expression is similar to the polynomial equation with complex coefficients for the 1D 

analysis (see Equation 4.13) but the parameters represent 2D interaction. It has similar three 

roots 1 , 2 and 3 as for the 1D case. The final solution for ueff and up,eff is similar to the 1D case 

with same boundary conditions. The equivalent effective impedance (Zs,eq,eff,) for 2D refined 

shear lag model can thus be determined as  

( )
, , ,

, ( )

eff x l
s eq eff s eff

p eff x l

u
Z Z

u




 
   

 
    (4.36) 
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The above 2D shear lag based impedance term can be directly used in Equation (2.29) using 

Zs,eq,eff  in place of Zs,eff to obtain the admittance signature duly considering the shear lag effect. A 

matlab code is enlisted in Appendix A for the refined EMI signature. 

 

4.4 COMPARISION WITH PREVIOUS MODELS AND EXPERIMENT  

The new formulations derived above were compared with the results published by Bhalla and 

Soh (2004b, 2004c). The test structure consisted of an aluminium block (grade Al 6061 T6), 

48×48×10 mm in size, instrumented with a PZT patch of size 10×10×0.3mm (grade PIC 151, PI 

Ceramic 2003), as shown in Figure 4.3(a). Table 4.1 lists the key physical parameters of the PZT 

patch, the aluminium block and the adhesive, considered while deriving the theoretical 

signatures. Figure 4.3(b) shows the 3D finite element model of a quarter of the test structure 

(Bhalla and Soh 2004b), developed to determine the effective impedance, Zs,eff, for use in 

deriving the theoretical signatures. Zs,eff was obtained by applying a distributed harmonic force 

along the boundary of the PZT patch (see Figure 4.3(b)), carrying out dynamic harmonic 

analysis, and obtaining the effective displacement ueff,, from which Zs,eff  was obtained as the ratio 

of the effective force to the effective velocity (see Equation 2.19). The equivalent effective 

impedance (taking into consideration the shear lag effect as per the new refined model) was 

obtained using Equation (4.36). The PZT patch was assumed to be bonded to the block using RS 

850-940 two-part epoxy adhesive (RS Components, 2003). A bond layer thickness of 0.125mm 

was considered with Gs = 1.0 GPa and the related mechanical loss factor ’ as 10% respectively. 
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Figure 4.3  PZT-Structure Interaction Model 

(a) Aluminum block structure 

      (b) Finite element model of a quarter of structure 
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Table 4.1 Parameters of PZT patch, aluminum block and adhesive bond 

MATERIAL PHYSICAL PARAMETER VALUE 

PZT Patch 

Electric permittivity 33
T  (F/m) 1.7785×10-8 

Peak correction factor (C1) 0.898 

 
2
312

1

Ed Yk





   (N/V2) 5.35×10-9 

Mechanical loss factor η 0.0325 
Dielectric loss factor δ 0.0224 

Aluminum Block 

Young’s modulus (GPa) 68.95 
Density (Kgm-3) 2715 
Poisson’s ratio 0.33 
Rayleigh damping coefficients 

  α 
β 

 
0 

3×10-9 
 

Adhesive 
Shear modulus  (Gs) (GPa) 1 
Mechanical loss factor   0.1 

 

Figures 4.4 and 4.5 shows a comparison of the plots of conductance (G) and susceptance (B) 

respectively over a frequency range 0-250 kHz with those obtained using the previous model 

(Bhalla and Soh 2004c). It can be observed that using the new refined model, the peaks of both 

the conductance as well as susceptance plots are lower than the predictions of the previous 

model, a consequence of the inclusion of the inertial effects. This can be more appreciated by the 

graph shown in part (b) of Figures 4.4 and 4.5, where the focus is near the resonance peaks. 

 

For experimental comparison, the adhesive layer thickness was maintained at 0.125 mm for two 

specimens using two optical fiber pieces of this diameter (Bhalla and Soh, 2004c). The two 

specimens have (hs/hp) ratio equal to 0.417 and 0.833 respectively.  
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Figure  4.4 Comparison of refined conductance signature with previous analytical model (Bhalla 
and Soh,   2004c) 

(a) Plot in 0-250 kHz range 
(b) Closer view in 150-250 kHz  range 
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Figure 4.5 Comparison of refined susceptance signature with previous analytical model (Bhalla and 
Soh,   2004c) 

(a) Plot in 0-250 kHz range 
(b) Closer view in 150-250 kHz  range 
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Figure 4.6 compares signatures of three model i.e. Zhou et al., (1994) (Perfect bond), Bhalla and 

Soh (2004c), and the present refined model. The bond effect makes significant impact on 

coupled signature as visible from the figures. 
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Figure 4.6 Comparison of admittance signature with previous analytical models (Zhou et al., 1996 
(perfect bond); Bhalla and Soh, 2004c) 

(a) Conductance (G) vs Frequency 
(b) Susceptance  (B)  vs  Frequency  
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Figures 4.7 and 4.8 compare the analytical and experimental conductance and susceptance 

signatures respectively for the two different bond thickness ratio (hs/hp =0.417) and (hs/hp = 

0.834). Since bond thickness was kept constant and PZT patches are of different thicknesses 

(0.3mm and 0.15mm respectively) has been used, normalized values, i.e. Gh/l2 and Bh/l2 are 

compared rather than the absolute values. From these comparisons, it can be observed that the 

present model is qualitatively much better match with experimental observations. 
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Figure 4.7 Comparison of conductance of experimental data (Bhalla and Soh, 2004c) with proposed 
model 

(a) Normalized analytical conductance (Refined model)  
(b) Normalized analytical conductance (Bhalla and Soh, 2004c)  
(c) Normalized experimental conductance (Bhalla and Soh, 2004c)  
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The resonance peak of refined model has more sensitive to bonding effect as it can be seen that, 

the peak values dropped to low as accordance to bond thickness ratio (hs/hp) as shown in Figure 

4.7(a). This is because of the more accurate modelling and involving the inertia term. The refined 

model’s performance is further enhanced in sense that  it removes a discrepancy (negative peak 

around 198kHz) that lied with previous model (see Figure 4.7(b)).  
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Figure 4.8 Comparison of susceptance of experimental data (Bhalla and Soh, 2004c) with 
proposed model 

(a) Normalized analytical susceptance (Refined model)  
(b) Normalized analytical susceptance (Bhalla and Soh, 2004c)  
(c) Normalized experimental susceptance (Bhalla and Soh, 2004c)  
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4.5 EFFECT OF INCLUSION OF ADHESIVE MASS  

After properly accounting for the inertia effect of the PZT patch, this section goes one step 

further to include the mass of adhesive (in term dm of Equation 4.1) so far not considered in any 

previous approach. After considering the mass of the adhesive, the inertial term of Equation (4.1) 

can be rewritten as  

p p s sI dm u dm u       (4.37)
  

where pdm and sdm are the differential masses of the PZT patch and the adhesive respectively 

and pu and su the corresponding velocities. 

Further,     pdm wh       4.38(a) 

s s sdm wh      4.38(b) 
2

p pu u       4.38(c) 

2

2
p

s

u u
u 

 
   

 
        4.38(d) 

where ρs is the density of the adhesive. It may be noted from Equation 4.38 (d) that average 

velocity has been considered for the adhesive layer, assuming a linear variation from u (at 

surface of host structure) to up (at bottom of the PZT patch), as can be seen from Figure 

(4.1)).With above substitutions, Equation (4.4) can be modified as 

2 2 2 2 2 11 1
2 2

s s s s s
p p

s s s

h h h hu u u
qG G G

   
       

   

                               (4.39) 

In compact form, we can write  
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1
p pu u u

q
           (4.40) 

where    is the modified inertia parameter (see Equation 4.5), expressed as 

2

21

s s
s

s

hh h

G

  
   

 
     (4.41) 

and   is the second inertia parameter, given by  

     
2 2

1
2
s s

s

h
G

 
        (4.42) 

Similarly, for the case of 2D effective impedance, Equation (4.25), can be reformed for x-

direction (adding inertia term for the adhesive) 

    2 2
2 21

E
px xs

px px x px s
s

u uGY u u u u
h h

 
       

  
  


    (4.43) 

Equation (4.30) thus gets modified for inclusion of adhesive mass as 

2 2 2 11 1
2 2

s s s s s
p ,eff eff p ,eff

s s s eff

h h h h h hu u u
G G G q

   
       

   

        (4.44) 

In compact form, it can be expressed as 

, ,
1

eff p eff eff eff p eff
eff

u u u
q

        (4.45) 

where effq  is given by Equation (4.27) and eff   and eff  are redefined for 2D case as 

2

21

s
s

eff
s

h h

G

    
    

 
 
 

 
      4.46(a) 
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and               
2

1
2

s s
eff

s

h h
G

 


 
  
 

     4.46(b) 

The second governing equation of shear lag, namely Equation (4.32) will remain unchanged. 

Combining Equations (4.32) and (4.45), eliminating the ,p effu , we can obtain the modified 

governing differential equation as 

  0eff eff eff eff eff eff eff eff eff effu p u q u p q             (4.47) 

Repeating the same procedure (with similar characteristic equation and boundary conditions) to 

solve the homogenous differential equation as it was done in the 1D and 2D case of previous 

sections, Equation (4.47) can be solved. A MATLAB code for derivation of EMI signature for 

this combined inertia effect is enlisted in Appendix B. Figure 4.9 shows the plots of G and B 

based on above considerations for hs=0.125mm and compare them with those obtained by 

neglecting the adhesive mass. On close inspection, it can be observed that the inclusion of the 

adhesive mass leads to further lowering the peaks of G and B and also the overall slopes of B 

slightly. However, at the same time, it can also be noted that neglecting the mass of the adhesive 

will not make as significant difference as neglecting the inertia term. Hence, the mass of the 

adhesive can possibly be ignored.   

 

4.6 INTERFACIAL STRESS AND STRAIN ANALYSIS FOR COUPLED PHENOMENA  

In recent years, the PZT patches have been utilized as both sensors and actuators in SHM 

techniques. For EMI technique, the common configuration of integrated monitoring is to surface-

bond piezoelectric patches to the host structure through a bonding layer. In an integrated sensor-

structural system, evaluating the interfacial stresses between the layers is important in two 

aspects.   
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Figure 4.9 Effect of mass of adhesive on signature  
(a) Conductance (G) vs Frequency  
(b) Susceptance (B)   vs Frequency  
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First, excessive interfacial stresses can delaminate the bond layer and cause failure of the 

monitoring system. Second, the distribution of these stresses determines the actuation capacity of 

the piezoelectric actuator. In other words, the effectiveness of the strain transfer of the actuator 

depends on the stress (or strain) distributions along the bonding layer (Ryu and Wang, 2004). 

 

Till now, FEM is the only technique used to examine the interfacial stresses of bonding layers. 

Robbins and Reddy (1991) analyzed stress variation from piezoelectrically actuated beams using 

a layer-wise displacement theory. However, the drawback of the FEM is that the values of 

interfacial stresses significantly depend on the mesh size as Seemann et al. (1997) concluded 

from their study. A MATLAB code is enlisted in Appendix D to simulate the shear stress, strain 

and effective axial stress for refined model. 

 

4.6.1 Shear Stress Profile along Bond Layer 

This section investigates the distribution of the shear stress within the bond layer, using the 

refined model developed in this chapter. The shear stresses cannot be directly measured 

experimentally for the minutely thick PZT-adhesive-structure system. Hence, analytical 

approach or FEM are the only possible avenues for stress analysis. In this investigation, Equation 

4.3(d) is employed, by replacing up and u by up,eff and ueff  respectively, the resulting equation can 

be expressed as  

  31 2 31 2
, 1 2 3

s s xx x
p eff eff

s s eff eff eff

G Gu u Ae A e A e
h h p p p

      
                      

       (4.48) 

For simplicity, the inertia term associated with the adhesive is ignored. Figure 4.10 shows the 

plot of the interfacial shear stress as a function of distance, from x=0 to x=l at a frequency of 91 

kHz (first resonance peak). It should be noted that this plot shows the absolute values. From the 
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plot, it can be observed that, the stress is zero at x=0, increases to the maximum value and then 

remain constant.  

 

 

 
 

Figure 4.11 (a) and (b) depict the behaviour of shear profile along the bond length (at 91 kHz) 

with respect to the parametric change of bond properties mechanical loss factor of bond and 

bond thickness respectively. From Figure 4.11(a), it can be noted that the shear stress increases 

marginally with increasing value of bond layer’s damping. Similarly, Figure 4.11(b) shows the 

effect of bond layer thickness on the shear stress. It can be observed that the shear stress 

distribution tends to be uniform with decreasing bond layer thickness. Hence, it is recommended 

that the bond layer thickness be maintained minimum possible for better force transfer. However, 

it should be noted that, it should not be too low to increase shear stress beyond the permissible 

limit. 
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Figure 4.10 Variation of shear stress in bond layer 
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The effect of the shear modulus of adhesive bond on shear stress (at 91kHz) is shown in Figure 

4.12. It is observed that the shear distribution tends to be uniform with increasing shear modulus. 

Therefore, bond with higher shear modulus is more desirable for better shear interaction, 

however such that shear stress is within permissible limit. This refined model facilitates studying 

the effect of the inertia parameter . In Figure 4.13, the effect of   on shear stress has been 

examined.  The variation is highlighted at higher peak region of the shear profile, where it is very 

clear that, the shear stress increases marginally with   in the peak region. At other points, hardly 

any effect is noticed. 
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Figure 4.11 Profile of interfacial shear stress distribution 
(a) Effect of mechanical damping of bond layer 
(b) Effect of bond layer thickness  
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Figure 4.12 Effect of bond layer’s shear modulus on shear stress profile 

Figure 4.13 Effect of inertia parameter   on shear stress 
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4.6.2 Effective Strain Profile along Bond Layer 

Figure 4.14 similarly shows a plot of the effective strain ( ,p effu ) in the PZT patch along the 

length at 91kHz. Mathematically it can be expressed as (from Equation 4.16 ) 

31 2 31 2
, 1 1 2 2 3 31 1 1 xx x

eff p eff
eff eff eff

S u e A e A e A
p p p

     
                

     

        (4.49) 

 The variation is similar to that of shear stress (maximum at end and minimum at centre). Figure 

4.15 (a) and (b) presents the parametric variation of bond properties (shear modulus and bond 

thickness) on the effective strain at 91 kHz. The variation of strain for different values of shear 

modulus and bond thickness follow similar trend as that of shear stress (see Figure 4.12 and 

4.11(b)). The overall observations are similar to the previous section. Figure 4.16 presents the 

variation of strain for different values of the inertia parameter at 91kHz section. The strain value 

increases with increasing of   and the distribution becomes more uniform. Hence, the value 

inertia parameter should as high as possible. 

 

 

 

 

Normalized distance (x/l) 

Figure 4.14 Profile of effective strain ( .p effS ) over the length of PZT 

patch  
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Figure 4.15 Profile of interfacial effective strain distribution 
(a) Effect of shear modulus of bond layer 
(b) Effect of bond layer thickness  
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4.6.3 Variation of Effective Axial Stress along Adhesive Bond 

The axial stresses along the two principal directions in the PZT patch can be expressed as  

     1 2
1

1

E

px py
YT u u 


       
    (4.50) 

     2 2
1

1

E

py px
YT u u 


       
    (4.51) 

Adding Equation (4.46) and (4.47) and dividing by 2, we get  

 
 

1 2
,2 1

E

eff p eff

T T YT u



     

    (4.52) 

Figure 4.17 shows a plot of effT  as a function of distance for the PZT-adhesive-aluminium block 

system at a frequency of 91 kHz. From this figure, it can be noted that the effective axial stress is 

maximum at the centre of the patch and reduces to zero at the ends.  The area under the curve 

normalized with respect to effT l  will result in a parameter similar to the effective length ratio 

defined by Sirohi and Chopra (2000) for the sensor case. In the present analysis, however, both 

sensor and actuator effects have been simultaneously considered. 

 
Figure 4.17 Variation of effective stress (Teff) over the length of PZT patch  
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4.7 PARAMETRIC STUDY ON ADHESIVE BOND LAYER INDUCED ADMITTANCE 
SIGNATURES  
         
This section studies the influence of various physical parameters on G and B with the aid of the 

new refined model presented in this chapter. The various factors affecting shear lag are shear 

modulus of bond layer ( sG ), thickness of adhesive layer (or the ratio hs/hp) and sensor length (l). 

The influence of all these parameters is studied in depth using the 2D shear lag based effective 

impedance formulations. The PZT parameters and mechanical properties of both host structure 

and adhesive are considered as listed in Table 4.1. For the bond layer, the thickness is chosen as 

0.125mm for this study. The frequency range is limited to 0-250kHz, since for most of the civil 

engineering applications a sub range within 0-250kHz is adequate (Soh et al., 2000). Again, for 

simplicity, the inertia of the adhesive is ignored for following parametric studies.  

 

4.7.1 Effect of bond layer Shear Modulus  

Figure 4.18 shows the influence of the bond layer’s shear modulus of elasticity ( sG = 1, 0.5 and 

0.05GPa) on the conductance and susceptance plots. It is observed that as sG  decreases, the 

peaks of both G and B subside down, and the overall slope of B decreases. The worst results are 

observed for sG  = 0.05 GPa, for which the PZT patch behaves as independent from the host 

structure, as marked by a peak at its own resonance frequency, rather than identifying the host 

structure.  From these observations, it is recommended that for best structural identification, an 

adhesive with high shear modulus is preferable for bonding the PZT patch with the structure. 

 

4.7.2 Effect of bond layer thickness  

Fig. 4.19 shows the plots of conductance and susceptance corresponding to hs = 0.05mm 

(thickness ratio, hs/hp = 0.17) and 0.1mm (thickness ratio, hs/hp = 0.33). It is apparent that as 
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bond layer thickness increases, the peaks subside down and shift rightwards. In addition, the 

average slope of the susceptance curve falls down. Hence, the overall effect is similar to that of 

reducing sG . Exceptionally thick bond layer (thickness ratio > 1.0) may lead to highly erroneous 

structural identification, as illustrated in the preceding section for sG . Hence, it is recommended 

that the bond layer thickness be maintained minimum possible. 
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Figure 4.18 Influence of shear modulus of bond layer on EMI signature 
(a) Conductance (G)  vs  Frequency 
(b)  Susceptance (B)  vs Frequency 

Figure 4.19 Influence of bond thickness on EMI signature 
(a) Conductance (G)  vs  Frequency 
(b)  Susceptance (B)  vs Frequency 
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4.7.3 Influence of Damping of Bond Layer (  ) 

 

 

 

 

Figure 4.20 shows the influence of the damping of the bonding layer on conductance and 

susceptance signatures. It is observed from Figure 4.20(a) that as the damping increases, the 

slope of the baseline conductance tends to fall down. However, susceptance, on the other hand, 

remains largely insensitive to damping variations, as can be observed from Figure 4.20(b). 

 

4.7.4 Effect of sensor length  

Figure 4.21 shows the influence sensor length on G and B. For the purpose of comparison, 

normalized values (G/l2) and (B/l2) have been plotted. It is observed that for small sensor length 

(l= 5mm), the signatures are closer to those for perfect bonding condition. However, the quality 

of signatures degrades for longer PZT patches (l=10mm). Hence, smaller patches should be 

preferred over longer ones. This observation is also similar to the previous study (Bhalla and 

Soh, 2004c).  
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4.7.5 Effect of excitation voltage  

Figure 4.22 depicts the influence of excitation voltage on G and B as per the present shear lag 

model. Electric potential has very negligible effect on the signature, as is clearly depicted from 

the plots. For experimental and analytical studies in the preceding sections, the applied voltage is 

kept 1Vrms, studies in preceding section, which is recommended for EMI technique (Sun et al., 

1995; Park et al., 2000a, b). In fact, Sun et al. (1995) reported that higher excitation voltage has 

no influence on the conductance signature, but might only be helpful in amplifying weak 

structural modes. Hence, for the EMI technique, the small excitation voltage is adequate (less 

than 1V). In refined model, the electric field is directly accounted in the free PZT strain 31 3d E 

(see equation 4.33). From this analysis, it can be concluded that, the effect is not significant. 
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4.8 CONCLUDING REMARKS  

This chapter has provided a rigorously refined new analytical model for considering shear lag 

effect in the EMI formulations. The treatment is complete in the sense that the model includes 

the inertial as well as the shear stress term simultaneously, a feature missing in the previous 

models. The results show that it is important to consider the inertia effect which has significant 

influence on the signatures, especially in terms of lowering the peak values and the overall slope 

of conductance and susceptance. The effect of inclusion of the mass of adhesive has also been 

investigated. The results show that the mass of the adhesive plays only a negligible role and can 

be neglected. The distribution of shear stress and effective strain in the bond layer and the 

variation of axial stresses in the PZT patch have also been investigated for this paper. Finally, a 

parametric study has also been conducted to study the influence of different bond parameters on 

conductance and susceptance signatures.  
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 5.1   INTRODUCTION  

The previous chapter covered the derivation of a refined shear lag model incorporating both 

shear lag and inertia terms simultaneously. The effectiveness of the strain transfer from structure 

to PZT patch, highly depends on the stress (and strain) distribution along the bond layer with due 

consideration of all piezo-mechanical properties. The analytical derivation of continuum based 

shear lag model covered in this chapter aims to provide an improved and more accurate model 

for shear interaction between the host structure and the PZT patch through the adhesive bond 

layer taken care of all the piezo, structural and adhesive (shear lag) actions not only 

simultaneously but also in a continuous manner throughout the bond layer. Further, it eliminates 

the hassle of determining the equivalent structural impedance and actuator impedance separately, 

as required in the previous models, which involved the approximation of functional and 

mechanical impedance of the host structure. 

 

In practical applications where the strains are a source for control, the term "Actuation Strain" 

refers to the strain other than that caused by stresses, such as thermal, magnetic or piezoelectric 

effects. Thus, the actuation strain is the term 31 3d E  . For an unconstrained, unstressed 

piezoelectric material, the induced strain would be the same as actuation strain. However, if the 

piezoelectric material is constrained, being embedded or bonded with another material, then the 

actuation strain is clearly different from the induced strain. The induced strain is influenced by 

the actuation strain and it is determined by the coupling term at electro-mechanical interaction. 

Chapter-5 

EXTENSION TO CONTINUUM BASED SHEAR LAG 
MODEL 
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Hence, an accurate calculation of the actuation strain duly considering the adhesive effect along 

and throughout the total bond area will achieve the more accurate coupled admittance signature. 

 

Although the refined model is an improvement over the previous model, the equivalent structural 

impedance (Zs,eq), is computed at (x=l) only (see Equation 4.36). The equivalent impedance 

values are thus determined by making approximate deduction from true structural impedance for 

modelling strain transfer phenomena between the patch and the structure. In order to rigorously 

consider shear transfer phenomena through the adhesive layer, one needs to integrate all terms 

continuously and simultaneously throughout the bond area. This is the main objective addressed 

in this chapter, discussed in the forthcoming sections. 

 

5.2 DERIVATION OF ADMITTANCE SIGNATURE USING CONTINUUM 
APPROACH 

The electric displacement 3D  over the surface of a PZT patch can be determined from the basic 

equation governing piezoelectric direct effect (Equations 2.1(a), (b)). For 2D case, the 

piezoelectric constitutive equations can be reduced to (Bhalla and Soh, 2004a) 

  3 33 3 31 1 2
TD E d T T                     (5.1) 

1 2
1 31 3

-
E

T TS d E
Y
   

     
(5.2) 

   2 1
2 31 3

-
E

T TS d E
Y
   

   
        (5.3) 

where   is the Poisson’s ratio of the patch and T1, T2 and S1, S2 are the principal components of 

stress and strain tensor respectively. 

From Equations (5.2) and (5.3), we get   
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   1 2 1 2 31 3- 2
1-

EYT T S S d E  


                                  (5.4) 

Substituting the Equation (5.4) into (5.1) and with 0
3

j tVE e
h

 
  
 

 (where V0 represents the peak 

sinusoidal voltage),  the equation can be further reduced to 

 
0 0

3 33 31 1 2 31- 2
1-

E
j tT j tV VYD d S S d e

h he
 

   
 

 


  (5.5) 

The current flowing through the circuit can be determined as 

3 3
A A

I D dxdy j D dxdy       (5.6) 

Substituting the Equation (5.5) in to the Equation (5.6), the equation can be re-written as 

(integrating from x=l to x=-l) 

 
0 0

33 31 1 2 31- 2
1-

E
j tT j t

A A

V VYI j dxdy j d S S d e dxdy
h he

 
   

 
 

   


     (5.7) 

Substituting 0
j tV V e   ( V  represents the instantaneous voltage across the PZT patch), and 

solving the equation, it can be reduced to 

     
22
31

33 31 1 2
24 -

1- 1-

E E
T

A

d Yl YI j V j d S S dxdy
h
 

   
  

  
 

            (5.8)
 

where S1 and S2 are the strains in the PZT patch along both x and y directions respectively. They 

can be obtained from the expressions for displacements (Equation 4.15 and 4.16) as 

31 2 31 2
1 1 1 2 2 3 31 1 1 xx x

px
eff eff eff

S u e A e A e A
p p p

     
                 

     

   
  

 
(5.9)

 

31 2 31 2
2 1 1 2 2 3 31 1 1 yy y

py
eff eff eff

S u e A e A e A
p p p

     
                 

     

   
             (5.10) 
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The negative sign indicates that compressive strain is induced in the PZT patch on account of positive 

displacement at the patch tip. 1 , 2 and 3 are the three complex roots of the shear lag governing 

differential equation (Equation (4.13)) and A1, A2 and A3 are the three unknown coefficients of 

the solution, expressed as 

31 2
1 2 3

xx xu A e A e A e        (5.11) 

effp the shear lag parameter for 2D case, evaluated as (Bhalla and Soh, 2004c) 

   
2 (1 )s

eff
eff s

lGp
Z j h


 




     (5.12) 

The co-efficients A1, A2 and A3 can be determined from the imposed boundary conditions, as 

explained in chapter 4. Using the expressions of S1 and S2 from Equations (5.9) and (5.10), the 

final complex electro-mechanical admittance spectra for full PZT patch can be formulated as 

 

IY
V

     (5.13) 

which, after simplifying yields the final expression for Y as 

         31 2

22
31 31 31 2

33 1 1 2 2 3 3
2 8

4 - 1 -1 1 -1 1 -1
1- 1-

E E
ll lT

p eff eff eff

d Y lj d YlY j e A e A e A
h p p pV

        
                             

   
    

 
  (5.14) 

In compact form, the new coupled admittance signature can thus be expressed as 

     
22
31 31

33
2 84 -

1- 1-

E E
T

con
p

d Y lj d YI lY j U
h VV

 
   

  

 
 

       (5.15) 

where Ucon is the continuum displacement generated at the interfacial bond layer after accounting  

the shear lag effect in the continuous manner as derived above. The main advantage of the new 

model is that it eliminates the equivalent structural impedance terms of the previous models, 

which was simply an approximation (see equation (4.36)). In the present approach, the 
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admittance Y  is determined by continuous integration taking account of variation of stresses and 

strains along the PZT patch, rather than at the periphery of the patch. Since u and up were just 

considered at ends of the patch in previous models, they did not carry complete information 

behind the force transfer mechanism occurring along the adhesive bond. On the other hand the 

term Ucon takes care of the strain generated at interfacial bond due to PZT patch deformation in a 

continuous manner. This makes the current shear lag model more accurate and realistic. A 

MATLAB code enlisted in appendix C for the simulation of continuum signature. 

 

5.3   EXPERIMENTAL VERIFICATION  

The admittance signature ( Y ) derived in the previous section was verified based on the 

experimental results of Bhalla and Soh (2004a, b). The experimental set up is described in 

chapter 4. All piezo-mechanical properties remain the same. A bond thickness (hs= 0.125mm) 

was chosen for the analytical and experimental signatures. After performing harmonic analysis, 

the resultant admittance signature was determined using Equation (5.15).  

 

Figures (5.1) and (5.2) compare the analytical and experimental conductance and susceptance 

signatures respectively for two different bond thickness ratio (hs/hp = 0.417) and (hs/hp = 0.834). 

Figure (5.3) and (5.4) respectively compare the conductance and susceptance signature resulting 

from the continuum approach with those from the refined model of chapter 4. It can be observed 

that, the continuum signatures are match better to the experimental plots as compared to refined 

model. For the susceptance, the influence of bond is significantly highlighted by lowering the 

slope (see Figure 5.2 and 5.4), which is not highlighted in refined model (for experimental case) 

similar observation hold good for conductance (Figure 5.1 and 5.3). The accuracy and efficiency 

of bonding effect on piezo-elastodynamic model has been increased significantly through 
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continuum based approach due to more effective quantification shear parameter throughout the 

bond area, which is lacking in refined shear lag model. 
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Figure 5.1 Comparison of conductance of experimental result with continuum shear lag model 
 

(a) Normalized analytical conductance (continuum model) for hs/hp=0.417 and hs/hp=0.834 
(b) Normalized experimental conductance for hs/hp=0.417 and hs/hp=0.834 
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Figure 5.2 Comparison of susceptance of experimental result with continuum shear lag model 

(a) Normalized analytical susceptance (continuum model) for hs/hp=0.417 and hs/hp=0.834 
(b) Normalized experimental susceptance for hs/hp=0.417 and hs/hp=0.834 
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(a) Plot over (0-250) kHz 
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Figure 5.4 Comparison of susceptance (B) plot 
(a) Plot over (0-250) kHz 
(b) Closer view (150-250) kHz 
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5.4 PARAMETRIC STUDY FOR CONTINUUM SIGNATURE 

Figure (5.5) shows the effect of the mechanical loss factor   with two extreme variations (80% 

and 150%) on conductance and susceptance signatures obtained using the continuum model. The 

effect of damping of the bond layer has negligible effect on overall signature, as clearly apparent 

from the Figure. 
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Figure 5.6 shows the influence of shear modulus of bond layer on continuum signature. It can be 

observed that, the effect is similar to that observed for the refined model (Chapter-4). Similarly, 

the effect of dielectric loss factor  on the admittance signature is shown in Figure (5.7) with 

same range of variation (80% and 150%). The effect of the dielectric loss for proposed is 
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significant for conductance but negligible for susceptance. It can be stated that compared to  , 

 has significant effect on the  conductance signature.  
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The dimensional ratio (l2/h) has observable effect on normalized conductance (Gh/l2) and 

normalized susceptance (Bh/l2), evident from Figure (5.8). Hence, The PZT patch’s dimension 

has significantly affect the admittance of piezo elastic model.  

 

 Form this study, it can be concluded that for better electro-mechanical coupled interaction, senor 

length and bond thickness should kept to minimum possible and sG should have highest possible 

value. 

 

5.5 EFFECT OF ADHESIVE MASS  

The combined effect of the inertia of both the adhesive and the PZT patch on the continuum 

based EMI admittance spectra is investigated in this section. For this purpose, Equation (4.47) is 

utilized to obtain ,p effu (hence, strain ' '
px pyu and u ), thus integrated Equation (5.15), to obtain 

conU , which ultimately yield more precise and accurate coupled admittance signature for this 

cumulative inertia effect of both the adhesive and PZT mass based on continuum approach. 

Figure 5.9 (a) and (b) show the overall effect on the admittance signature. As compared to the 

refined model, the effect of mass of adhesive is marginal in susceptance (see Figures 4.9(b) and 

5.9(b)). As far as conductance is concerned, the continuum approach predicts are greater effect 

of the mass of adhesive (see Figures 4.9(a) and 5.9(a)), in terms of shifting of peaks of 

conductance in addition to magnitude. However, the overall effect can be considered to be 

negligible  
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5.6 CONCLUDING REMARKS  

This chapter has rederived the coupled admittance signature based on the continuous variation of 

displacement (hence, the related piezo induced strain) and charges over the PZT patch. This is 

more accurate and more realistic shear lag model for the impedance based SHM for EMI 

technique. A new continuum strain term (Ucon) has been introduced to consider the continuous 

variation of parameters (bond and piezo through the bond layer. It is more convenient and 

practicable in real life applications because it eliminates all the approximations associated with 

previous models, which were based on equivalent impedance term without rigorous integration 

of all shear lag parameters (shear stress and inertia force) in a continuous manner. The 

continuum based signatures are closer to the new experimental plots. The effect of adhesive mass 

and PZT mass simultaneously has also been investigated, which shows negligible impact on 

overall performance. Parametric study has been carried out to analyse the effect of both 

mechanical and electrical properties on the proposed admittance spectrum. The continuum model 

represents a significant improvement over the refined model. 
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6.1 INTRODUCTION   

This chapter deals with analysis of the power consumption in the PZT patch and its loss due to 

adhesive bonding with host structure. When a PZT patch is utilized as active impedance 

transducer in the EMI technique, the patch acts as both sensor and actuator (dual effect) for a 

range of frequency. For an efficient intelligent system, power consumption occurs in two forms. 

First part of the energy is used to actuate the PZT patch and produce deformation. The other part 

of the energy is dissipated within the piezo-mechanical system due to internal mechanical loss 

and heat generation. Hence, the determination of power consumption characteristic for active 

piezo system is very important for designing an efficient intelligent structure with optimized 

mass and energy combination. Adhesive bond itself acts as an added stiffness mass and damping 

element for mechanical response and plays an important role in mechanical and electrical energy 

conversion in the piezo-mechanical system. Hence, a detailed investigation is needed to 

characterize the power consumption and energy issues associated with bond layer driven PZT 

patch. 
 

 

 

6.2 ELECTRICAL IMPEDANCE AND POWER TRIANGLE 

The impedance term refer to electrical load, which acts opposite to work done, the combined 

effect of the resistance (R), inductive reactance (XL) and capacitive reactance (XC) in an AC 

circuit (shown in Figure 6.1(a)), under an alternating voltage source operating at a frequency ƒ.  

 

Chapter -6 
BOND EFFECT ON POWER AND ENERGY 
TRANSEDUCTION EFFICIENCY  
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 The impedance triangle for an LCR circuit in series has shown in Figure 6.1(b) (Watkins and 

Kitcher, 2006). From Figure 6.2, the impedance ( eZ ) term for a complex plane (Figure 6.2(a)) 

can be defined as  

    eZ R Xj                                      (6.1) 

Equation (6.1) can be rewritten in the form admittance as 

1 1

e

Y G Bj
Z R Xj

   


             (6.2) 

On simplification of Equation (6.2), the conductance and susceptance can be expressed in terms 

of R and X as  

2 2( )
RG

R X



         6.3(a) 

2 2( )
XB

R X





            6.3(b) 

The phase angle between the voltage and current can be determined as 

Z 

R 

X 

ϕ 

(a) 
(b) 

Figure 6.1  

(a) Series combination of LCR Circuit the inductance (L), the resistance (R), and the 

capacitance (C).  

(b) Impedance triangle for LCR circuit 
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tan X B
R G

     
 

                (6.4) 

      
 
 
 
 
 
             
             
             
             
             
             
             
             
             
            
 The power factor of impedance circuit can be defined as 

cos R G
Z Y

       (6.5) 

  
The impedance and power triangles of impedance have  are similar. We can thus conclude that:  

D R AW W W
R X Z

          (6.6) 

where  WD , WA and WR  are the dissipative , reactive and apparent power component of a given 

impedance trangle. 

The sign of angle ϕ  must be accounted, for two of these cases  

1)  ϕ > 0  ⇒  0 WR > 0  &  X > 0   (inductive impedance)  

2)  ϕ < 0  ⇒  0 WR < 0 &  X < 0   (capacitive impedance) 

 

 

Figure 6.2  

(a) Vector representation of voltage and current on complex plane 

(b) Power triangle  
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6.3 POWER AND ENERGY FLOW IN PIEZO-MECHANICAL INTERACTION  

In the EMI technique, the PZT patch couples the electrical and mechanical parameters 

simultaneously. 

In the EMI technique, the PZT patch couples the electrical and mechanical parameters 

simultaneously. Integrated induced strain actuators provide the necessary energy for an 

intelligent system to respond adaptively to internal or external stimuli. The actuator power 

consumption as well as the energy transfer (from the actuator to the mechanical systems and vice 

versa), therefore, is an important issue in the application and design of intelligent material 

systems and structures. In the EMI technique, though actuation is part of the mechanical 

interaction, the forces involved are low. In either case, for a system with integrated PZT patches, 

the power consumed by the patches consists of two parts: the energy used to drive the system, 

which is dissipated in terms of heat (as a result of the structural damping), and energy dissipated 

by the PZT patches themselves because of their dielectric loss and internal damping.  

 

The power consumption is related to the designated function of the piezo system, i.e., whether it 

is used for shape control, health monitoring, vibration, or acoustic control, as well as the 

associated electronic systems, including the power supply itself. In this section, we will not 

include the power supply system in the coupled electro-mechanical analysis by assuming that the 

power supply system can always satisfy the current needs of the actuator (Liang et al., 1994). In 

vibration control, the energy supplied to the PZT is absorbed by the structural damping in the 

mechanical system and the internal damping and dielectric loss of the PZT actuator. For acoustic 

control, most of the electrical and mechanical energy is used to radiate sound. In shape control, 

all the system energy is transferred from reactive electric energy into reactive mechanical energy 

(strain energy) but still stored in the electromechanical system. In SHM (EMI Technique), all the 
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electrical reactive energy is converted into the mechanical reactive energy and vice versa 

because of the dual piezoelectric effect. As a matter of fact, this issue was noticed during the 

early development and implementation of PZT actuators.  

In the beginning, several static-based modelling techniques were developed to determine the 

equivalent static forces or moments (Bailey and Hubbard, 1985; Crawley and de Luis, 1987; 

Dirmitriadis et al., 1989; Wang and Rogers, 1991) as described in Chapter-2. An approximate 

dynamic analysis using the static models is not accurate because active forces provided by PZT 

actuators are usually harmonic in nature. The dynamic interaction between the host structure and 

the active elements exist and affects the performance of both the structure and the patch. Later 

on, the impedance-based analytical model developed by the Liang and others provided a better 

understanding of the dynamic characterization of PZT element-driven systems (Liang et al., 

1994; Zhou et al., 1996; Bhalla and Soh, 2004a, b; Bhalla et al., 2009). The frequency-dependent 

force output behaviour is accurately predicted in the impedance model. The bonding effect on 

the electro-mechanical admittance output has been modelled by various researchers with 

numerous analytical models (Xu and Liu, 2002; Ong et al., 2002; Bhalla and Soh, 2004c; 

Ammandas and Soh, 2007a, b; Han et al., 2008; Dugnani, 2009;  Bhalla et al., 2009; Huang et 

al., 2010; Tinoco et al., 2010; Yu at al., 2010; Giurgiutiu and Santoni, 2009) supplemented with 

experimental verification. They concluded that the bonding effect has significant impact on 

coupled admittance signature. Several numerical investigations on shear lag effect (Liu and 

Giurgiutiu, 2006, 2007; Yang et al., 2008, 2011; Jin and Wang, 2011; Zhang et al., 2011) have 

been reported to analyse the bonding effect. 

 

The designers of the engineering and space structures are also concerned with how efficiently a 

PZT patch acts as a transducer to transforms the electrical energy into the mechanical energy. 
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Liang et al. (1996) studied triangular component of power to interpret the usage of the electro-

mechanical properties of piezo transducer in various applications. They suggested actuator power 

factor, defined as the ratio of the dissipative mechanical power in the system to the total 

electrical power supplied to the actuator. This concept was used to optimize the location of the 

actuator (Liang et al., 1995). Stein et al. (1994) investigated the power consumption of a PZT 

actuator integrated with an underwater structure that radiated sound, and evaluated the power 

requirements in active acoustic control.  

 

The influence of different dissipaters on the system power factor and the system power 

requirement was studied by Zhou et al. (1996) who extended the impedance model to 2D. Lin 

and Giurgiutiu (2012) developed a 1D guided axial and flexural wave based predictive model for 

power and energy transduction between structurally guided waves and piezo wafer active sensor 

(PWAS) in closed-form analytical expressions. The power and energy analysis for single PWAS 

transmitter, single PWAS receiver and a complete PWAS pitch-catch setup were carried out. 

Frequency response functions were derived for voltage, current, complex power, active power, 

etc. They concluded that a judicious combination of PWAS size, structural thickness, and 

excitation frequency can ensure optimal energy transduction and coupling with the ultrasonic-

guided waves travelling in the structure. However, they considered only the 1D guided axial and 

flexural wave for the analysis.  

 

The above literature review shows that although a number of studies have been conducted for 

power and energy efficiency, but none have considered the influence of the bond layer. The 

analysis of preceding chapters shows that bond layer has strong influence on piezo-structure 

system. Therefore, the next section has aims to examine the power consumption and energy 
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efficiency related to EMI technique through the continuum based piezo-elastodynamic model, 

considering all piezo-mechanical properties of the adhesive bond along the bonding area. Hence, 

taking the advantage of accuracy and simplifying the continuum model, the power factor and 

energy conversion efficiency ratio has been rederived, where the shear stress and inertia effect 

are considered simultaneously. A modified coupling co-efficient has been proposed for 

continuum based signature to encounter the shear lag mechanism for piezo-transducer 

application.  

 

6.4 ELECTRICAL POWER CONSUMPTION IN PIEZO-IMPEDANCE 

TRANSEDUCER 

(i) Apparent Power 

The apparent power (Volts-Amps), WA in terms admittance function, can be defined as 

2
0

2apparent A
VP W V I Y                             (6.7) 

where Y is absolute value of admittance signature and V and I are the root mean square values 

of the corresponding quantity. 0V  is the peak value of excited voltage. The apparent power is the 

quantity of power initially applied to the PZT patch to induce the strain-deformation. As we 

know, a piezo patch behaves as a capacitor, the induced displacement is proportional to the 

stored charge, and hence, the apparent power is greater than the true power. 

(ii) Active (True) power   

The active or the dissipative power (Watt), WD  can be defined as 

2 2
0 0cos Re( )
2 2active D A

V VP W W Y G        (6.8) 
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The active power is the measurement of the rate at which electricity performs work such as 

producing heat, light, or mechanical energy. The amount of power actually consumed in the 

piezo system and dissipated during the dielectric losses and structural losses results in the active 

or real power. The piezo capacitance causes the phase lag between the current and the voltage. 

The true power is eventually dissipated in the piezo system in the form of heat, sound and 

mechanical losses and reflects itself in system through acoustic impedance and structural 

damping. 

(ii)  Reactive  Power 

 The vector difference between the apparent and true power is called reactive power. The 

reactive power, WR can be expressed  as 

 (6.9) 

 

The energy stored in the capacitive PZT patch undergoes periodical reversal in the direction of 

the energy flow. Some of part of the energy is temporarily stored by itself due its conductive 

nature of PZT patch. Due to this, the reactive power of the piezo patch always remains and flows 

within it (similar to the strain energy stored in a spring-mass system). 

 

In order to maintain the constant voltage supply to piezo-electric system, one needs to ensure 

meeting a minimum power requirement which is called the power rating below which the PZT 

patch  will ceases to operate.  This is expressed  in terms of the  maximum absolute admittance 

as 

2
0 max( )
2rating rating

VP W Y           (6.10) 

The relation between the apparent power, active power and reactive power can formulated as 

2 2
0 0sin Im( )
2 2reactive R A

V VP W W Y B    
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2 2 2
apparent active reactiveP P P     (6.11) 

The influence of the adhesive bonding on the electrical power components of piezo-structural 

interaction system has been shown in Figures 6.3, 6.4 and 6.5. In Figure 6.3, the influence of 

bond on apparent power is visible as decrease in the slope of curve and the decrease in the peak 

value as well. From the figure, it is clear that, due to the adhesive bonding, the power required by 

PZT patch to initiate the structural deformation has been obstructed by the presence of the bond. 

Similarly, Figure 6.4 shows the effect of the bond layer on the reactive power. It can be observed 

that the reactive part of the piezoelectric power (Eq. (6.9)), which is the stored charge, is 

virtually same as apparent power, because the imaginary admittance is almost same as the 

absolute value of complex electro-mechanical admittance due to the small magnitude of the real 

part. This indicates the strong reactive nature of electro-mechanical system. The piezo-coupled 

reactive power consist of the mechanical reactive power related to the mass (kinetic energy), 

spring (potential strain energy), and electric reactive power (electric and magnetic field energy of 

capacitors and inductors). 

Power consumed by the PZT patch in terms of heat due to the resistive admittance of the PZT 

material as well as the losses in the structure is represented by the dissipative power component 

as shown in Figure 6.5. For bonding effect, the mechanical resistive power is more dominant 

than perfect bonding case, hence energy dissipation for coupled interaction phenomena gets 

lowered for adhesive bond compared to perfect bond. The phenomenon ultimately indicates that 

the entire process is mechanically more reactive because more energy is required to stores within 

piezo system to continue the coupled interaction process. 
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The power factor in electrical theory is defined as the ratio of dissipative power to supplied (or 

apparent) power. The power factor of an electrical system represents the capability of the 

electrical network to convert supplied electrical energy into heat, light, or mechanical energy. In 

the cases of PZT patch in the EMI technique, we can physically interpret the power factor as the 

efficiency or effectiveness of the piezo-patch to provide mechanical response of structure. The 

power factor of piezo-driven system can be defined as (Liang et al., 1994) 

 

    ( 0)0, 0
Re( )

cos D

A

Y GW
W YY

            (6.12) 
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Figure 6.3 Apparent power consumption in piezo-impedance transducer 
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Figure 6.5 Active power consumption in piezo-impedance transducer 
 

Figure 6.4 Reactive power consumption in piezo-impedance transducer 
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From Figure 6.5, it is clearly observed that, more power is dissipated (lowered resonance peak) 

for adhesive bonded case because additional losses (due to adhesive bonding) occur along with 

other conventional loss (heat, sound and electrical energy). In Figure 6.6, the power rating (the 

maximum power over the frequency range that piezo patch expected to operate) for three 

different models (perfect, refined and continuum) has been compared. The adhesively bonded 

PZT patch has lesser power rating than idealized perfect bond situation. The continuum model 

predicts marginally higher power than the refined model. The piezoelectric materials have an 

electro-mechanical efficiency (Power factor) which indicates the energy transfer rate between the 

stored strain energy to the electrical energy; however, it is only a material index and cannot be 

used to evaluate the effectiveness of piezoelectric actuators integrated in a mechanical material 

system. The system efficiency defined by Eq. (6.12) is used here to evaluate the the effectiveness 

of the PZT patch to excite the mechanical system, as graphically presented in Figure 6.7. The 

adhesively bonded PZT patch lower power factor than idealized perfectly bonded patch. A 

MATLAB code enlisted in Appendix E for calculation of electrical power component. 
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The height of a resonance peak indicates the effectiveness of the patch to excite that particular 

mode. For the bonding effect, the peak and the slope of the curve have been lowered as 

compared to perfect bond, which indicates that the overall efficiency of PZT patch has degraded 

in the presence bond. The actuator efficiency is important parameter in the optimal design of 

actuator configuration (actuator impedance) and location. Figure 6.8 illustrates how the power 

supplied to the system is consumed. The real admittance is divided into four distinct ways. The 

first plot results from the perfect bonding with piezo-mechanical loss being ignored. This is 

calculated by assuming zero internal damping and dielectric loss for the PZT patch for perfect 

bonding case excluding shear lag effect and also assuming η=δ=0. The second plot results from 

the mechanical loss, which is calculated by assuming zero dielectric loss for the PZT patch  

( 0, 0)   for perfect bonding case. The third curve is obtained for the dielectric loss, 

estimated by assuming zero internal damping ( 0, 0)    for perfect bonding case. The 
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Figure 6.7 The efficiency of PZT patch to excite the piezo-active system  
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fourth plot results when accounting for the shear lag effect calculated by assuming zero 

mechanical (η=0) and dielectric loss (δ=0) for PZT patch, but considering the patch to be 

adhesively bonded. 

6.5 ENERGY CONVERSION EFFICIENCY OF PIEZO-ACTIVE MECHANICAL 

SYSTEM 

The energy consumption and requirements of an active control system are fundamental concern 

for the viability of piezo-active systems for various applications which are weight and volume 

sensitive, such as noise control of aircraft cabins, submarine quietening and the EMI technique 

for SHM based applications. The energy conversion factor represents the efficiency of the PZT 

patch for energy conversion from electrical to structural domain. When a PZT patch is integrated 

with an active mechanical system, energy conversion efficiency factor is required to estimate the 

usefulness of the piezo-active system, which in turn depends upon the mechanical damping, 

intermolecular bonding between the PZT patch and structure (characteristic of adhesive bond), 

structural stiffness, piezoelectric properties of the patch and the imposed boundary conditions. 
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Liang et al. (1994) determined the power and energy variation for 1D electro-mechanical 

impedance model (see Fig. 2.2) to design an efficient intelligent structure and illustrated its 

optimized performance in real life applications by studying the different components of power 

(reactive, dissipative) and power efficiency relationship. They demonstrated numerically and 

experimentally that the total energy flow in the system produced conversional phenomena of 

electrical and thermal energy within the model to reflect the structural properties to reactive 

electrical parameters. 

 

They predicted that, in the electro-mechanical coupling system, it is the strain energy (which is 

reactive in nature) which interacts with the system (converse effect, acts as actuator) and 

consumed in various mechanical phenomena (damage, failure and thermal loss) in the region of 

resonance peak.  The over used or balanced strain energy is converted to electrical energy (direct 

effect, as sensor) and manifests as the coupled admittance signature. The drawback of this model 

is that it does not account for the energy losses due to shear lag effect, besides being restricted to 

1D. Hence, power output is over estimated. 

 

The energy dissipation within a PZT patch results from mechanical loss and electrical loss. The 

modelling of these dissipations in the frequency domain analysis is usually conducted by using 

complex elastic modulus 1E EY Y ( j )   and complex electrical permittivity 33 33 1T T ( j )    . Some 

studies (Bondarenko et al., 1982; Martin, 1974) suggest a third source of energy dissipation 

resulting from the ‘imperfection of energy conversion’, which is depicted by the hysteresis 

between the applied electrical field and induced strain. The energy conversion within a PZT 

patch involves the conversion of electrical energy to mechanical potential and kinetic energy and 

electrical energy to heat (dissipation).  
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Later on, Liang et al. (1996) made an investigation for specifically coupled mechanical and 

electrical performance and derived working index for the piezo-impedance model. They mainly 

focused on the methodology and its utilization in various applicable fields such as optimal 

actuator location, modal analysis and acoustic power prediction etc.  

 

In a different publication (Liang et al., 1995) a simplified actuator power factor was derived to 

obtain the structural response for changing actuator location and configuration, expressed as 

     
2

2

2 M

E

K y
K VE


     (6.13) 

where   is the structural loss, y is the structural response and E refers to applied electric field. 

MK and EK  are the proportionality factors for total mechanical and electrical energy and V is the 

actuator volume. They concluded that the optimized actuator power factor is more useful to 

obtain the structural response for a different actuator location. It is also applicable for 

experimentation and system optimization of an active control model.  

 

Siorhi and Chopra (2000a) determined the power consumption of piezo-active system for surface 

bonded and free PZT patch experimentally, duly considering including the non-liner variation of 

dielectric permittivity ( 33
T ) and dissipation factor (tan )  for a particular electric field. Once the 

complex electro-mechanical admittance is calculated, the voltage drawn and current flow for an 

active piezo system can be easily estimated. Siorhi and Chopra (2000b) introduced the shear lag 

correction for strain voltage relationship by introducing effective sensing length (Kb), expressed 

as  

0
1

b p q

V
K K S

         (6.14) 
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where Kp and Kb are the correction factors to taken care for shear lag and Poisson’s ratio. qS   is  

the circuit sensitivity. 

 

6.6 ENERGY CONVERSION EFFICIENCY RATIO FOR BONDING INFLUENCE ON 

PIEZO-IMPEDANCE SYSTEM 

The energy conversion efficiency   can be defined as the ratio of the total energy used for 

mechanical response produced (from the piezo-electric induced strain) to the total energy 

supplied to the system during the piezo-mechanical interaction phenomena. Mathematically, it 

can be expressed  as (Liang et al., 1995) 

sup

mechE
E

      (6.15) 

The above ratio represents the inside direction of flow of physical energy. Therefore, in dynamic 

application, the electrical energy and the power will be averaged under each cycle of alternating 

current. The energy lost per cycle per second will be in the form of dissipative and reactive 

energy, according to which, the loss ratio can be divided in to two categories. The first term is 

the piezo-dissipative loss ratio, which is concerned with dissipative power (loss due to heat, 

sound, structural damping and dielectric loss) and can be defined as (Liang et al., 1996)  

    
Re( )mechanically dissipative m

PZT Str
total disspiation D

E P
E W






                           (6.16) 

Where Pm is the mechanical power, which can be computed as 0Y  (δ=0 is avoided to rule out a 

negative value). The second term is piezo-reactive loss ratio resulting due to electrically reactive 

nature of piezo capacitance, which always has tendency to store energy in the system 
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temporarily. So, it represents the instantaneous energy conversion factor of dynamic piezo-

structure system, and can be formulated as 

   
Im( )

Im( )
mechanically reactive m

PZT elec
Total reactive R m

E P
E W P






 


    (6.17) 

 

Investigating power conversion will also provide information on the direction of the energy flow 

in piezo-active system. The energy conversion efficiency ratio defined by Eqs. (6.16) and (6.17) 

is obtained for both perfect bonding and adhesive bonding case. Figure 6.9 compares the piezo 

dissipative loss ratio of piezo-active model for perfect bonding and adhesive bonding case 

(δ=.002, 1/10th of the actual value)). The plot has been restricted to initial frequency range (At 

resonance peaks 91 kHz and 106 kHz). From the Figure 6.9, it can observed that for the bonding 

case, the efficiency ratio has been low, that is, lesser energy is dissipated in the form of heat, 

sound and damping in the presence of the adhesive bond indicating less efficient piezo-structural 

interaction. Figure 6.10 similarly shows the plot for the reactive loss efficiency ratio. There is 

increase in efficiency for the bonding case because here the mechanical reactive part becomes 

more dominant than the mechanical resistive energy. In other words, at higher frequency range, 

the energy conversion phenomenon becomes very complex. 

 

The reactive energy conversion efficiency ratio given by Eq. (6.17) describes the instantaneous 

energy conversion and represents the real coupled interaction phenomena within the PZT patch 

for any dynamic application. For this process conversion, the mechanical reactive energy is thus 

significant for adhesive bonding as compared to prefect bonding case, because the presence of 

bonding obstructs the deformed strain to produce electrical response (voltage) for sensor 

application as well as during actuation. 
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Figure 6.9 Dissipative energy conversion efficiency ratio for integrated piezo-structural 
model 

Figure 6.10 Reactive energy conversion efficiency ratio for integrated piezo-structural 
model 

 

Pi
ez

o-
re

ac
tiv

e 
lo

ss
 r

at
io

 



 
 Bond effect on power and energy transduction efficiency 

134 
 

 

6.7 FORMULATION OF MODIFIED ELECTRO-MECHANICAL COUPLING CO-

EFFICIENT  

The electro-mechanical coupling is the process of phase transformation of crystals from 

ferroelectric to paraelectric phase, famously known as the morphic effect. It is an indicator of the 

effectiveness of the piezo-patch to convert the electrical energy to mechanical energy and vice 

versa. The value of electro-mechanical co-efficient ( 2
effk ) depends on resonance frequency, 

modes of vibration, shapes and material losses of the PZT patch. Usually, the 2
effk  (theoretical 

maximum value) valued is supplied by manufacturers. Theoretically it can be expressed as 

(Ikeda, 1990) 

2
eff

Mechanical energy converted due to piezo deformationK
Total electrical energy input

   (6.18) 

It can be seen that at lower frequency range, the force transfer phenomena is accelerated to 50 to 

70% as reported by Liang et al. (1996), so that the energy delivered from one form to other form 

is greatly enhanced. For this reason, the higher value of 2
effk at lower frequency range is generally 

adapted by manufacturer for the well designed piezo-ceramic element, whose efficiency of 

conversion can be maximized up to 95%. So, by definition the electro-mechanical coupling co-

efficient can be defined as the ratio of the converted, usable energy delivered by the piezo-

electric element to the total energy supplied to the element. 
 

2
effk , is frequently used to express the effective coupling coefficient of an arbitrary resonator. 

Experimentally, it can be measured from fundamental resonance or at any overtone and can be 

expressed as (Seacor Piezoceramic) 
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2 2
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2
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f fk
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      (6.19) 

 where af and rf are the frequencies at anti resonance and resonance point. The coupling 

coefficient can be calculated for the various modes of vibration. For SHM, the piezo mechanical 

coupling coefficient for one dimensional excitation (lateral or longitudinal) can be defined as 

(Mason, 1966). 

      31
31

33 11
T E

dk
S




    (6.20)  

Where 33
T  and 11

11

1E
E

S
Y

 are the two complex terms, which can be split into real and imaginary 

parts. The real part of the conversion factor indicates the capability of a PZT material to convert 

electrical energy to mechanical energy and vice versa. The imaginary part reflects the energy 

dissipation and should remain positive according to the sign convention used in a 

thermodynamic system (Liang et al., 1996). Liang et al. (1995) proposed the modified electro-

mechanical coupling co-efficient to take care of all the losses (piezoelectric and mechanical), 

expressed as 

 
 

31 312

33

(1 ) (1 ) (1 )
1

E
em em

eff T

d i d i Y i
k

i
  

 

        


   (6.21) 

where d31 is the piezoelectric strain coefficient, YE  is the elastic modulus, 33
T  the electric 

permittivity.  and  are the dielectric and mechanical loss factor of PZT patch. em is the 

piezo-mechanical loss factor for active system. The approach was somehow improved but not 

realistic as its still ignored the force/strain transfer between the PZT and structure through bond 

layer. They rederived the coupling co-efficient introducing a complex piezoelectric constant  
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1 emd( i )   to describe the hysteretic behaviour, where em  is the piezo-mechanical loss factor 

which was measured by experimentally as 

50 034 2 92 10em . . f                      (6.22) 

where f  is the frequency in Hz. em
 is the complex conjugate of em . The electrical energy input 

from the piezo-capacitor, can expressed in mathematically as 

2

2
1 CVEelect       (6.23) 

where 0rk lbC
t


 , where rk is the dielectric constant and 0 the electrical permittivity for vacuum. 

For PZT materials of grade PIC 151(PI Ceramic, 2010) following values are considered for 

present derivation.     2400rk   and 12
0 8.85 10 /F m    

Total mechanical energy stored in PZT patch due to piezo-mechanical displacement is given by  

dVSTE
Vmech 112

1
     (6.24) 

where T1 and S1 are axial stress and strain along x-direction respectively , and the stress (T1) can 

expressed as      

1 1( )ET Y S      (6.25) 

Hence, from Equations (6.24) and (6.25),  

1 1( )E
mech

l

E A Y S S dl                      (6.26) 

Now, we can define coupling co-efficient as ( 2
effk ) as for mechanical energy to electrical energy 
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                 (6.27) 

This modified coupling co-efficient ( 2
effk ) is derived with consideration of  the energy loss due to 

shear lag along with all the complex conjugates (dielectric and mechanical loss) of piezo 

properties, and is thus more accurate and realistic. The value for 2
effk has been estimated for the 

conversion of mechanical energy to the electrical energy and vice versa at first natural frequency 

(91 kHz). For mechanical to electrical energy conversion the coupling coefficient is found to be 

0.1545 and for electrical to mechanical energy conversion it is estimated as 6.4734.  The value of

2
effk  for mechanical energy conversion to electrical response is low because the shear lag 

phenomena play a significant role due to presence of adhesive bond. 

6.8 CONCLUDING REMARKS  

This chapter has presented the electrical requirements of the proposed piezo bond model and 

investigated its real life utility and applications in the area of modelling of active piezo-structure 

interaction. Different components of input power have been determined for adhesive effect using 

continuum based modelling approach. For better understanding of piezo-structure coupled 

interaction mechanics, various energy conversion efficiency ratios and a new modified electro-

mechanical coupling co-efficient have been derived, which further aid in effective understanding  

of the piezo-elastodynamic model and can facilitate  optimum localization of  PZT patch  in host 

structure.  
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7.1  INTRODUCTION 

This thesis embodies the findings from the research involving the development of a refined 

analytical shear lag model for piezo impedance transducer considering all the dynamic terms 

neglected in previous models, its extension to continuum based model for rigorous consideration 

of force transfer mechanism in piezo-elastodyanmic system. Along the bond area, the proposed 

approach takes care of all piezo-mechanical variables. The thesis culminates in the study of 

power consumption and energy efficiency for bonding effects related to the EMI technique. The 

only choice of analytical approach was motivated by the discrepancies and other problems 

associated with coupled finite element based approach. Specifically, a major objective of the 

research was to upgrade the previous shear lag model by considering shear stress and inertia 

factor simultaneously and in a continuous manner. The research is further extended to combined 

inertia effect of PZT patch and adhesive mass, which is not reported till date. 

Major novelty in the present research is the new continuum based electro-mechanical 

formulation, which very simple and accurate and eliminates all hassle of calculation of complex 

mechanical impedance terms ( sZ , eqZ , aZ ) required in the previous models. These terms are 

discrete approximations to true structural impedance for a real piezo-mechanical strain 

deformation along the bond layer.  

The following sections outline in detail the major contributions, conclusions and 

recommendations stemming out from this research. 
 

 

 Chapter-7 
CONCLUSIONS AND RECOMMENDATIONS 
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7.2  RESEARCH ORIGINALITY AND CONTRIBUTIONS  

Monitoring a structure for damage detection through the EMI technique should be accurate 

enough to take care of all the forces, stresses and strains developed due to piezo deformation 

along with different bonding conditions and sensor location to enable optimized SHM.  This 

research aimed at developing a new and more accurate shear lag model relevant to the EMI 

technique. The existing models are deficient in not considering the inertia and shear lag terms 

simultaneously. Further, they do not account for a continuous transfer of stresses throughout the 

contact area. The EMI signatures are significantly affected by presence of the bond layer 

between PZT patch and host structure.  

 

The original contribution of this research work can be summarized as follows   

1) A new analytical refined shear lag model has been developed which considers the 

shear stresses developed during PZT patch’s deformation in the interfacial layer and 

the inertia term contributed by PZT patch as well as the bond layer simultaneously. 

All previous models ignored simultaneous contribution. 

2) The refined model has further been extended to a new continuum based coupled 

admittance model, which enables a more accurate modelling of the force 

transmission. This modelling approach circumvents the determination of lumped 

impedance terms. 

3) A detailed study on power consumption and energy efficiency has been carried out 

for the piezo-structure system based on the developed model taking due 

consideration of the bond layer. To quantify the energy conversion efficiency of 

bonded piezo patch, various loss ratios have been derived in accordance with the 

physical energy flow in PZT patch during interaction. The effect of various losses 
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(electrical and mechanical) on overall power performance of the piezo-impedance 

model has been studied in detail. 

 

7.3 RESEARCH CONCLUSIONS  

Major research conclusions and contributions from the research can be summarized as follows 

(i). As a first preliminary step, a detailed numerical investigation of shear mechanism has been 

carried out using FE coupled field analysis. The FE based shear lag model has developed for 

both 1D and 2D PZT-structure coupling. The correct input format (conversion from IEEE 

format to ANSYS format) of piezoelectric and structural elastic compliance matrices has 

been accounted in the analysis. Keeping in view that shear and inertia effects are 

automatically taken into consideration in coupled-field analysis, it could be a preferred 

option although it requires considerable modelling effort. This conversion of input material 

properties has not been considered in similar studies reported previously in the literature. 

The admittance signature resulting from harmonic analysis found to be inaccurate. The 

values of conductance (G) and susceptance (B) are found to be lower as compared to 

experimental and analytical values. A major discrepancy found is the values of suspetance 

are negative. Parametric studies go well with the models. The problem is further 

compounded by the necessary transformation of material and piezoelectric matrices, due to 

different norms prevailing in IEEE standards and conventional continuum mechanics. This 

could be a source of utter confusion for the users. This has motivated the researcher towards 

development of the closed form analytical solution for shear lag model. 

(ii). Step-by-step derivation of piezo-bond-impedance model with proper inclusion of shear lag 

effect and the inertia force concurrently has been done starting from the governing dynamic 
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shear lag equilibrium equation. Form this model, results have been compared with existing 

models and also the experimental signatures. The inertia effect is found to significantly 

affect the coupled EMI signature (lowering the resonance peaks in conductance and overall 

slope of the curve in susceptance). The overall results are better qualitative match with the 

experimental results. The model has been further extended by considering the adhesive 

mass and inertia in addition to that of PZT patch. However the mass of adhesive has very 

negligible effect on coupled admittance signature. The variance of the shear stress, the 

mechanical strain and the effective axial stress profiles have been investigated based on the 

refined model. A detailed parametric study has also been carried out for better 

understanding of the phenomena. 

(iii). The above formulation are extended to a continuum based admittance piezo-elastodynamic 

model, in which the bond layer effect is considered continuously along the sensor length 

rather than restricting it to the edge/boundary of the PZT patch as considered earlier. The 

continuum approach eliminates the hassle of computing the equivalent impedance terms 

( aZ and sZ ), in addition to ensuring higher accuracy. The continuum signature has been 

compared with both refined model and perfect bonding. For real part (G), the continuum 

signature is much lower than other models. For the imaginary part, the slope has been 

lowered further as compared to refined model but the peak values are almost same as that 

of refined model. The continuum approach has also been extended to investigate the 

additional effect of adhesive layer mass, which is found to have only marginal effect on the 

signature by slight lowering peaks and  as well as slope of curve, which makes them close 

to experimental results . 
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A new continuum displacement term (Ucon) has been proposed, which accounts for 

continuum stress and strain developed during the piezo deformation. Parametric studies 

have also been carried out for the continuum signature with varying piezoelectric and bond 

properties.  

(iv). Form the parametric studies of the refined and the continuum model, one can arrive at 

conclusion that the smallest possible bond thickness be should maintained for best results 

in SHM. The higher shear modulus and lower mechanical damping of bond layer can 

further enhance the effectiveness of piezo-structure interaction. The sensor length should 

be maintained to smaller value (5mm to 10mm) for better interaction.  

(v). As a further application of the continuum shear lag model, the electrical power consumption 

and energy conversion has been investigated. Triangular component of piezoelectric power 

has been rederived duly considering the adhesive bonding effect. The presence of the bond 

layer makes the piezo-elastodynamic model mechanically more reactive, implies frequent 

energy conversion from mechanical to electrical energy, but still stored in the system.  The 

apparent and the reactive power components are significantly decreased because the finite 

thickness of bond layer obstructs the piezo-deformation. For sensing case, again the 

adhesive bond obstructs the mechanical stain to produce electrical voltage by additionally 

dissipating the electrical energy in terms of heat and sound, hence the dissipative power for 

bonding case has also decreased.  

 

 The issues related to energy conversion within an active control system involve conversion 

between electrical to mechanical energy and vice versa. Being able to quantify various 

energy conversion processes and to understand the basic interaction mechanics of piezo-

active control systems duly considering the bond effect, two types of energy conversion 
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efficiency ratio have been derived i.e. dissipative and reactive energy conversion efficiency 

ratios. From these ratios, it can be concluded that for the adhesive bonding, the mechanical 

reactive power is more dominant than the electrical dissipative power, which is opposite for 

the perfect bonding case.  

 The main energy losses in the PZT patch during the energy conversion process are the 

mechanical and dielectric losses. The real part of the coupled EMI signature is more 

sensitive to these losses, which indicates the capability of a PZT patch to convert electrical 

energy to mechanical energy and vice versa.  

 
 

 

7.4 RECOMMENDATIONS  

The following tasks are recommended to be undertaken to continue further research in this field. 

(i) The coupled FE shear model could be further extended to carry out damage localization 

studies considering bond layer simulation. An input system consistent with IEEE norms 

may be developed. 

(ii) Present shear lag solution can be further extended to different cases of bonding with 

anisotropic material properties, edge imperfections, debonding and bonding quality 

degradation etc. More exploration can be done for contribution of imaginary susceptance 

towards the shear-lag phenomena. 

(iii) In this research, the bond effect has only been studied analytically and numerically. It is 

recommended that future studies may be the investigation of piezo-bond-structure 

interaction through advanced microscopic technologies through atomic force microscope 

(AFM) and piezoresponce force microscope (PFM) 

(iv)  Further studies can be extended to explore the utilization of the continuum based 

admittance signature for damage detection and crack propagation in real life systems 
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(v)  The  study on power consumption and system energy transfers of  proposed shear lag 

model can be extended  for following cases 

a. The amount of heat and sound generation from the actuators and lost 

during the coupled interaction, which is essential in the thermal stress 

analysis of induced strain actuators, can be evaluated. 

b. Continuum based piezo-elastodynamic model may be considered as an aid 

in designing energy-efficient intelligent material systems and structures.  
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APPENDIX (A) 

 

MATLAB CODE TO DERIVE ELECTROMECHANICAL ADMITTANCE SIGNATURE 

FOR REFINED SHEAR LAG MODELED PRESENTED IN EQUATIONS. (4.35) AND 

(4.36) 
 
 
%refined shear lag for 2D% 
 LA=.005;                 %Length of PZT patch 
 HA=3e-4;                 %Height of PZT patch 
 RHO=7800;                %Density of PZT patch 
 D331=-0.00000000021;     %Piezoelectric strain co-efficient 
 mu=0.3;                  %Poisson ratio 
Y11E= 66700000000;        %Elastic modulus of PZT Patch 
E33T=1.7785e-8;           %Electric permittivity of PZT Patch 
ETA=0.0325;                %Mechanical loss factor 
DELTA= 0.0224;            %dielectric loss 
KK =5.35e-9;              %experimentally determined constant 
GSA = 1.0e9;              %Elastic modulus of bond layer 
HE =1.25e-4;              %Bond layer Thickness 
BETA =0.1;                %Damping of Bond layer 
V=1.4;                    %excitation Voltage 
cf=0.898;                  %correction factor 
W=.005;                   %Width of PZT patch 
data=dlmread('output.txt','\t'); 
f=data(:,1); 
Fr=data(:,2);          %real part of structural force 
Fi=data(:,3);          %imaginary part of structural force 
Ur=data(:,4);          %real part of structural displacement 
Ui=data(:,5);          %Imaginary part of structural displacement 
F=complex(Fr,Fi); 
U=complex(Ur,Ui); 
Y=Y11E*(1+ETA*1i);              %complex young's modulus 
FS=D331*(V/HA);                 %Free piezoelectric strain 
GSA1=GSA*(1+BETA*1i);           %Complex shear modulus 
E33T1=E33T*(1-DELTA*1i);         % complex electrical permittivity 
 for I=1:250 
    omega(I)= 2*pi*f(I); 
    U1(I)=omega(I)*U(I)*1i;                %effective displacement 
    Zs(I)=(2*F(I)/U1(I));                   %structural impedance from ansys output 
    pe=-(GSA1*2*(1+mu)*LA)/(Zs(I)*HE*1i*omega(I));           %shear lag parameter 
    qe=(GSA*(1-mu*mu))/(Y11E*HA*HE);                         %Shear lag parameter 
    alpha=1-(RHO*HA*HE*omega(I)^2)/(GSA1);                   %Inertia parameter 
    p=[1,pe,-1*(alpha*qe),(1-alpha)*pe*qe];  
    r=roots(p); 
    m1=r(1); 
    m2=r(2); 
    m3=r(3); 
    E1=exp(m1*LA); 
    E2=exp(m2*LA); 
    E3=exp(m3*LA);  
Mat=[1,1,1;(1+m1/pe),(1+m2/pe),(1+m3/pe);(1+m1/pe)*m1*E1,(1+m2/pe)*m2*E2,(1+m3/pe)*m3*E3]; 
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Constants=inv(Mat)*[0,0,FS]'; 
A1=Constants(1); 
A2=Constants(2); 
A3=Constants(3); 
    u=A1*E1+A2*E2+A3*E3; 
    up=A1*(1+m1/pe)*E1+A2*(1+m2/pe)*E2+A3*(1+m3/pe)*E3; 
    Zeq(I)=Zs(I)*(u/up);  
  % 2D admittance signature% 
    k(I)=omega(I)*sqrt(RHO*(1-mu*mu)/Y); 
    K(I)=k(I)*LA; 
    C(I)=tan(cf*K(I))/(cf*K(I)); 
    Za(I)=((2*HA*Y)/(1i*omega(I)*C(I)*(1-mu))); 
    M(I)=4*omega(I)*1i*((LA*LA)/HA);  
    Z11(I)=Za(I)/(Zeq(I)+Za(I));  
    y1(I)= M(I)*(E33T1-KK+KK*Z11(I)*C(I)); 
 end 
  data(:,1)=f; 
G1=real(y1); 
figure 
plot(f,G1) 
B1=imag(y1); 
figure 
plot(f,B1) 
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APPENDIX (B) 

MATLAB CODER TO DERIVE ELECTROMECHANICAL ADMITTANCE 

SIGNATURE FOR REFINED SHEAR LAG MODELED INCLUDING COMBINED 

INERTIA EFFECT PRESENTED IN EQUATION (4.47) 
 

 LA=.005;                 %Length of PZT patch 
 HA=3e-4;                 %Height of PZT patch 
 RHO=7800;                %Density of PZT patch 
RHO1=1000;   % Density of Adhesive 
 D331=-0.00000000021;     %Piezoelectric strain co-efficient 
 mu=0.3;                  %Poisson ratio 
Y11E= 66700000000;        %Elastic modulus of PZT Patch 
E33T=1.7785e-8;           %Electric permittivity of PZT Patch 
ETA=0.0325;                %Mechanical loss factor 
DELTA= 0.0224;            %dielectric loss 
KK =5.35e-9;              %experimentally determined constant 
GSA = 1.0e9;              %Elastic modulus of bond layer 
HE =1.25e-4;              %Bond layer Thickness 
BETA =0.1;                %Damping of Bond layer 
V=1.4;                    %excitation Voltage 
cf=0.898;                  %correction factor 
W=.005;                   %Width of PZT patch 
data=dlmread('output.txt','\t'); 
f=data(:,1); 
Fr=data(:,2);          %real part of structural force 
Fi=data(:,3);          %imaginary part of structural force 
Ur=data(:,4);          %real part of structural displacement 
Ui=data(:,5);          %Imaginary part of structural displacement 
F=complex(Fr,Fi); 
U=complex(Ur,Ui); 
Y=Y11E*(1+ETA*1i);              %complex young's modulus 
FS=D331*(V/HA);                 %Free piezoelectric strain 
GSA1=GSA*(1+BETA*1i);           %Complex shear modulus 
E33T1=E33T*(1-DELTA*1i);         % complex electrical permittivity 
 for I=1:250 
    omega(I)= 2*pi*f(I); 
    U1(I)=omega(I)*U(I)*1i;                %effective displacement 
    Zs(I)=(2*F(I)/U1(I));                   %structural impedance from ansys output 
    pe=-(GSA1*2*(1+mu)*LA)/(Zs(I)*HE*1i*omega(I));           %shear lag parameter 
    qe=(GSA*(1-mu*mu))/(Y11E*HA*HE);                         %Shear lag parameter 
    alpha=1-(((RHO+0.5*RHO1)*HA*HE*omega(I)^2)/(GSA1));  %Inertia parameter  
    beta1=1+ ((HE*HA*RHO1*omega(I)^2)/(2*GSA1));   %Inertia parameter 
    p=[1,pe,-1*(alpha*qe),(alpha-beta1)*pe*qe]; 
    r=roots(p); 
    m1=r(1); 
    m2=r(2); 
    m3=r(3); 
    E1=exp(m1*LA); 
    E2=exp(m2*LA); 
    E3=exp(m3*LA);  
Mat=[1,1,1;(1+m1/pe),(1+m2/pe),(1+m3/pe);(1+m1/pe)*m1*E1,(1+m2/pe)*m2*E2,(1+m3/pe)*m3*E3]; 
Constants=inv(Mat)*[0,0,FS]'; 
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A1=Constants(1); 
A2=Constants(2); 
A3=Constants(3); 
    u=A1*E1+A2*E2+A3*E3; 
    up=A1*(1+m1/pe)*E1+A2*(1+m2/pe)*E2+A3*(1+m3/pe)*E3; 
    Zeq(I)=Zs(I)*(u/up);  
  % 2D admittance signature% 
    k(I)=omega(I)*sqrt(RHO*(1-mu*mu)/Y); 
    K(I)=k(I)*LA; 
    C(I)=tan(cf*K(I))/(cf*K(I)); 
    Za(I)=((2*HA*Y)/(1i*omega(I)*C(I)*(1-mu))); 
    M(I)=4*omega(I)*1i*((LA*LA)/HA);  
    Z1(I)=Za(I)/(Zs(I)+Za(I));  
    Z11(I)=Za(I)/(Zeq(I)+Za(I));  
    y(I)= M(I)*(E33T1-KK+KK*Z1(I)*C(I)); 
    y1(I)= M(I)*(E33T1-KK+KK*Z11(I)*C(I)); 
 end 
  data(:,1)=f; 
G1=real(y1); 
figure 
plot(f,G1) 
B1=imag(y1); 
figure 
plot(f,B1) 
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APPENDIX (C) 

MATLAB CODER TO DERIVE CONTINUUM ELECTROMECHANICAL 

ADMITTANCE SIGNATURE PRESENTED IN CHAPTER-5 IN EQUATION (5.15) 
LA=.005;                 %Length of PZT patch 
 HA=3e-4;                 %Height of PZT patch 
 RHO=7800;                %Density of PZT patch 
RHO1=1000;   % Density of Adhesive 
 D331=-0.00000000021;     %Piezoelectric strain co-efficient 
 mu=0.3;                  %Poisson ratio 
Y11E= 66700000000;        %Elastic modulus of PZT Patch 
E33T=1.7785e-8;           %Electric permittivity of PZT Patch 
ETA=0.0325;                %Mechanical loss factor 
DELTA= 0.0224;            %dielectric loss 
KK =5.35e-9;              %experimentally determined constant 
GSA = 1.0e9;              %Elastic modulus of bond layer 
HE =1.25e-4;              %Bond layer Thickness 
BETA =0.1;                %Damping of Bond layer 
V=1.4;                    %excitation Voltage 
cf=0.898;                  %correction factor 
W=.005;                   %Width of PZT patch 
data=dlmread('output.txt','\t'); 
f=data(:,1); 
Fr=data(:,2);          %real part of structural force 
Fi=data(:,3);          %imaginary part of structural force 
Ur=data(:,4);          %real part of structural displacement 
Ui=data(:,5);          %Imaginary part of structural displacement 
F=complex(Fr,Fi); 
U=complex(Ur,Ui); 
Y=Y11E*(1+ETA*1i);              %complex young's modulus 
FS=D331*(V/HA);                 %Free piezoelectric strain 
GSA1=GSA*(1+BETA*1i);           %Complex shear modulus 
E33T1=E33T*(1-DELTA*1i);         % complex electrical permittivity 
 for I=1:250 
    omega(I)= 2*pi*f(I); 
    U1(I)=omega(I)*U(I)*1i;                %effective displacement 
    Zs(I)=(2*F(I)/U1(I));                   %structural impedance from ansys output 
    pe=-(GSA1*2*(1+mu)*LA)/(Zs(I)*HE*1i*omega(I));           %shear lag parameter 
    qe=(GSA*(1-mu*mu))/(Y11E*HA*HE);                         %Shear lag parameter 
    alpha=1-(((RHO+0.5*RHO1)*HA*HE*omega(I)^2)/(GSA1));  %Inertia parameter  
    beta1=1+ ((HE*HA*RHO1*omega(I)^2)/(2*GSA1));   %Inertia parameter 
    p=[1,pe,-1*(alpha*qe),(alpha-beta1)*pe*qe]; 
    r=roots(p); 
    m1=r(1); 
    m2=r(2); 
    m3=r(3); 
    E1=exp(m1*LA); 
    E2=exp(m2*LA); 
    E3=exp(m3*LA);  
Mat=[1,1,1;(1+m1/pe),(1+m2/pe),(1+m3/pe);(1+m1/pe)*m1*E1,(1+m2/pe)*m2*E2,(1+m3/pe)*m3*E3]; 
Constants=inv(Mat)*[0,0,FS]'; 
A1=Constants(1); 
A2=Constants(2); 
A3=Constants(3); 
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ucon(I)=A1*(1+m1/pe)*(E1-1)+A2*(1+m2/pe)*(E2-1)+A3*(1+m3/pe)*(E3-1);            %Continuum Displacement 
M(I)=4*omega(I)*1i*((LA*LA)/HA);  
y1(I)= M(I)*(E33T1-KK)-4*KK*LA*1i*omega(I)*ucon(I)/(D331*V);   
end 
  data(:,1)=f; 
G1=real(y1); 
figure 
plot(f,G1) 
B1=imag(y1); 
figure 
plot(f,B1) 
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APPENDIX (D) 

MATLAB CODER TO DERIVE SHEAR STRESS, EFFECTIVE STRAIN AND AXIAL 

STRESS FOR REFINED SHEAR LAG MODEL FOR EQUATIONS (4.48), (4.49) AND 

(4.52)  

 
 LA=.005;                 %Length of PZT patch 
 HA=3e-4;                 %Height of PZT patch 
 RHO=7800;                %Density of PZT patch 
RHO1=1000;   % Density of Adhesive 
 D331=-0.00000000021;     %Piezoelectric strain co-efficient 
 mu=0.3;                  %Poisson ratio 
Y11E= 66700000000;        %Elastic modulus of PZT Patch 
E33T=1.7785e-8;           %Electric permittivity of PZT Patch 
ETA=0.0325;                %Mechanical loss factor 
DELTA= 0.0224;            %dielectric loss 
KK =5.35e-9;              %experimentally determined constant 
GSA = 1.0e9;              %Elastic modulus of bond layer 
HE =1.25e-4;              %Bond layer Thickness 
BETA =0.1;                %Damping of Bond layer 
V=1.4;                    %excitation Voltage 
cf=0.898;                  %correction factor 
W=.005;                   %Width of PZT patch 
data=dlmread('output.txt','\t'); 
f=data(:,1); 
Fr=data(:,2);          %real part of structural force 
Fi=data(:,3);          %imaginary part of structural force 
Ur=data(:,4);          %real part of structural displacement 
Ui=data(:,5);          %Imaginary part of structural displacement 
F=complex(Fr,Fi); 
U=complex(Ur,Ui); 
Y=Y11E*(1+ETA*1i);              %complex young's modulus 
FS=D331*(V/HA);                 %Free piezoelectric strain 
GSA1=GSA*(1+BETA*1i);           %Complex shear modulus 
E33T1=E33T*(1-DELTA*1i);         % complex electrical permittivity 
for I=1:250 
    omega(I)= 2*pi*f(I); 
    U1(I)=omega(I)*U(I)*1i; 
    Zs(I)= (2*F(I)/U1(I)); 
    pe(I)=-(GSA1*2*(1+mu)*LA)/(Zs(I)*HE*1i*omega(I)); 
    qe(I)=(GSA*(1-mu*mu))/(Y11E*HA*HE);       
    alpha(I)=((RHO*HA*HE*omega(I)^2)/GSA1-1);           
    p=[1,pe(I),1*(alpha(I)*qe(I)),(alpha(I)+1)*pe(I)*qe(I)];      
    r=roots(p);                  
    m1(I)=r(1); 
    m2(I)=r(2); 
    m3(I)=r(3); 
    i=1; 
    for x=0:5.0000e-004:(.005)                
    E1(i,I)=exp(m1(I)*x);                
    E2(i,I)=exp(m2(I)*x); 
    E3(i,I)=exp(m3(I)*x); 
    E11(i,I)=exp(2*m1(I)*LA); 
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    E22(i,I)=exp(2*m2(I)*LA); 
 E33(i,I)=exp(2*m3(I)*LA); 
Mat=[1,1,1;(1+m1(I)/pe(I)),(1+m2(I)/pe(I)),(1+m3(I)/pe(I));(1+m1(I)/pe(I))*m1(I)*E1(i,I),(1+m2(I)/pe(I))*m2(I)*E
2(i,I),(1+m3(I)/pe(I))*m3(I)*E3(i,I)]; 
Constants=inv(Mat)*[0,0,FS]'; 
A1(I)=Constants(1);                  
A2(I)=Constants(2); 
A3(I)=Constants(3); 
 u(i,I)=A1(I)*E1(i,I)+A2(I)*E2(i,I)+A3(I)*E3(i,I);  
 up(i,I)=A1(I)*(1+m1(I)/pe(I))*E1(i,I)+A2(I)*(1+m2(I)/pe(I))*E2(i,I)+A3(I)*(1+m3(I)/pe(I))*E3(i,I);   
 Ucon(i,I)=(A1(I)*(1+m1/pe)*(E1(i,I)-1)+A2(I)*(1+m2/pe)*(E2(i,I)-1)+A3(I)*(1+m3/pe)*(E3(i,I)-1)); 
 tou(i,I)= GSA1*(up(i,I)-u(i,I))/HE;               %Shear stress 
sp(i,I)=A1(I)*E1(i,I)*(m1(I))+A2(I)*E2(i,I)*(m2(I))+A3(I)*E3(i,I)*(m3(I))+(A1(I)*E1(i,I)*(m1(I)^2)+A2(I)*E2(i,I  
)*(m2(I)^2)+A3(I)*E3(i,I)*(m3(I)^2))/pe(I);          %Effective Strain 
Teff(i,I)=(Y/(1-mu))*(sp(i,I)-FS);      %Shear stress 
    end 
 end 
 up=abs(up); 
 u=abs(u); 
 tou=abs(tou); 
 Ucon1=abs(Ucon); 
 Den1=abs(Den); 
 Teff=abs(Teff); 
 
 
 



  
 Appendix E 

165 
 

APPENDIX (E) 

MATLAB CODER TO DERIVE ELECTRICAL TRIANGULAR POWER COMPONENT 

FOR CONTINUUM MODEL DERIVED IN EQS. (6.7), (6.8), (6.9) AND (6.10) AND FOR 

MODIFIED ELECTRO-MECHANICAL COEFFICIENT EXPRESSED IN EQ. (6.27) 

 
 LA=.005;                 %Length of PZT patch 
 HA=3e-4;                 %Height of PZT patch 
 RHO=7800;                %Density of PZT patch 
RHO1=1000;   % Density of Adhesive 
 D331=-0.00000000021;     %Piezoelectric strain co-efficient 
 mu=0.3;                  %Poisson ratio 
Y11E= 66700000000;        %Elastic modulus of PZT Patch 
E33T=1.7785e-8;           %Electric permittivity of PZT Patch 
ETA=0.0325;               %Mechanical loss factor 
DELTA= 0.0224;            %dielectric loss 
KK =5.35e-9;              %experimentally determined constant 
GSA = 1.0e9;              %Elastic modulus of bond layer 
HE =1.25e-4;              %Bond layer Thickness 
BETA =0.1;                %Damping of Bond layer 
V=1.4;                    %Excitation Voltage 
cf=0.898;                  %correction factor 
W=.005;                   %Width of PZT patch 
EE=8.85*10e-12;   % Electrical permittivity of PZT patch at vacuum 
ER=2400;   %Relative dielectric permittivity for PZT patch 
data=dlmread('output.txt','\t'); 
f=data(:,1); 
Fr=data(:,2);          %real part of structural force 
Fi=data(:,3);          %imaginary part of structural force 
Ur=data(:,4);          %real part of structural displacement 
Ui=data(:,5);          %Imaginary part of structural displacement 
F=complex(Fr,Fi); 
U=complex(Ur,Ui); 
Y=Y11E*(1+ETA*1i);              %complex young's modulus 
FS=D331*(V/HA);                 %Free piezoelectric strain 
GSA1=GSA*(1+BETA*1i);           %Complex shear modulus 
E33T1=E33T*(1-DELTA*1i);         % complex electrical permittivity 
 for I=1:250 
    omega(I)= 2*pi*f(I); 
    U1(I)=omega(I)*U(I)*1i;                %effective displacement 
    Zs(I)=(2*F(I)/U1(I));                   %structural impedance from ansys output 
    pe=-(GSA1*2*(1+mu)*LA)/(Zs(I)*HE*1i*omega(I));           %shear lag parameter 
    qe=(GSA*(1-mu*mu))/(Y11E*HA*HE);                         %Shear lag parameter 
    alpha=1-(((RHO+0.5*RHO1)*HA*HE*omega(I)^2)/(GSA1));  %Inertia parameter  
    beta1=1+ ((HE*HA*RHO1*omega(I)^2)/(2*GSA1));   %Inertia parameter 
    p=[1,pe,-1*(alpha*qe),(alpha-beta1)*pe*qe]; 
    r=roots(p); 
    m1=r(1); 
    m2=r(2); 
    m3=r(3); 
    E1=exp(m1*LA); 
    E2=exp(m2*LA); 
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    E3=exp(m3*LA);  
Mat=[1,1,1;(1+m1/pe),(1+m2/pe),(1+m3/pe);(1+m1/pe)*m1*E1,(1+m2/pe)*m2*E2,(1+m3/pe)*m3*E3]; 
Constants=inv(Mat)*[0,0,FS]'; 
A1=Constants(1); 
A2=Constants(2); 
A3=Constants(3); 
ucon(I)=A1*(1+m1/pe)*(E1-1)+A2*(1+m2/pe)*(E2-1)+A3*(1+m3/pe)*(E3-1);            %Continuum Displacement 
M(I)=4*omega(I)*1i*((LA*LA)/HA);  
y1(I)= M(I)*(E33T1-KK)-4*KK*LA*1i*omega(I)*ucon(I)/(D331*V);  
Emech(I)=LA*W*Y*((A1*(1+m1/pe)*(E1-1)+A2*(1+m2/pe)*(E2-1)+A3*(1+m3/pe)*(E3-1))^2-
(FS*(A1*(1+m1/pe)*(E1-1)+A2*(1+m2/pe)*(E2-1)+A3*(1+m3/pe)*(E3-1))));  %Mechanical energy 
end 
  data(:,1)=f; 
G1=real(y1); 
B1=imag(y1); 
kk=(G.*G+B.*B); 
 kk1=sqrt(kk); 
 kk2=max(kk1,[],1); 
 Papp= 0.5*V^2*kk1; 
 Pactive=0.5*V^2*G; 
 Preactive=0.5*V^2*B; 
 Ppeak=0.5*V^2*kk2; 
FEmech=abs(Emech); 
Elec=0.5*ER*EE*((LA*W)/HA)*V^2; 
keff=FEmech/Elec; 
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